Published by Institute of Physics Publishing for SISSA Received: December 14, 2004 Revised: March 24, 2005 Accepted: March 26, 2005 Published: April 22, 2005

Non-associative gauge theory and higher spin interactions

Paul de Medeiros

Michigan Center for Theoretical Physics, Randall Laboratory, University of Michigan Ann Arbor, MI 48109-1120, U.S.A. E-mail: pfdm@umich.edu

Sanjaye Ramgoolam

Department of Physics, Queen Mary University of London Mile End Road, London E1 4NS, U.K. E-mail: s.ramgoolam@qmul.ac.uk

Abstract: We give a framework to describe gauge theory on a certain class of commutative but non-associative fuzzy spaces. Our description is in terms of an abelian gauge connection valued in the algebra of functions on the cotangent bundle of the fuzzy space. The structure of such a gauge theory has many formal similarities with that of Yang- Mills theory. The components of the gauge connection are functions on the fuzzy space which transform in higher spin representations of the Lorentz group. In component form, the gauge theory describes an interacting theory of higher spin fields, which remains nontrivial in the limit where the fuzzy space becomes associative. In this limit, the theory can be viewed as a projection of an ordinary non-commutative Yang-Mills theory. We describe the embedding of Maxwell theory in this extended framework which follows the standard unfolding procedure for higher spin gauge theories.

Keywords: M(atrix) Theories, Space-Time Symmetries, Non-Commutative Geometry.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep032005072.pdf /jhep032005072.pdf

Contents

1. Introduction 2

2. The non-associative deformation A^∗_n 3 2.1 Functions 4 2.2 Differential operators 5

3. Non-associative gauge theory 6 3.1 Abelian gauge theory on A^∗_n(R^D) 6 3.2 Global structure 8

4. Gauge theory on T^∗R^D and higher spin gauge theory on R^D 10 4.1 The associative limit 10 4.2 Action and field equations 11 4.2.1 Wigner basis for integrable functions 15 4.2.2 Action in position space 16 4.3 The extended theory in component form 18 4.3.1 Higher spin symmetry 19 4.3.2 Gauge-fixing in lorentzian signature 20 4.3.3 Comments on restoring full gauge symmetry 21 4.4 Comparison with Vasiliev theory 21 4.5 Abelian embedding 24 4.5.1 Symplectic transformations and abelian embedding 24

5. Comments and discussion 26 5.1 Relation to non-commutative gauge theory 26 5.2 Matrix theory realisations 27 5.3 On the non-associative theory 28 5.3.1 Non-associative trace 28 5.3.2 Non-associative unfolding 29

6. Summary and outlook 29

A. Ê 30

B. E and F 32

– 1 –

1. Introduction

We formulate gauge theory on a certain class of commutative but non-associative algebras, developing the constructions initiated in [1]. These algebras correspond to so called fuzzy spaces which reduce to ordinary spacetime manifolds in a particular associative limit. The existence of gauge theories for such algebras can be argued indirectly from the fact that these fuzzy spaces arise in the construction of higher-dimensional D-brane worldvolumes from N zero- (or one-) branes, see for example [2]–[4]. The large N limit is the limit of classical geometry, where gauge theory on the higher-dimensional brane provides an equivalent description to the zero-brane picture. In cases where the fuzzy geometry is noncommutative but associative, such as the fuzzy 2-sphere, a higher-dimensional gauge theory can be explicitly constructed, starting from the zero-brane action, both for large N and finite N [5]. In other cases involving higher-dimensional spheres, the explicit construction of this map requires a better understanding of gauge theory on non-associative spaces [1]. In this paper we find that that such gauge theories have a realisation in terms of interacting higher spin field theories.

The non-associative algebra of interest A^∗_n(M) is a deformation of the algebra of functions A(M) on a D-dimensional (pseudo-)Riemannian manifold M. The ∗ denotes a nonassociative product for functions on the fuzzy space whilst n ∈ Z_+ provides a quantitative measure of the non-associativity (in particular A^∗_∞ = A). For simplicity, we take M = R^D with flat metric. Most of our formulas will be independent of the signature of this metric, though we will take it to be lorentzian in discussions of gauge-fixing etc. Furthermore, although we focus on the deformation for R^D, there is a conceptually straightforward generalisation for curved manifolds. For example, the deformation A^∗_n(S^{2k}) has been used in the study of even-dimensional fuzzy spheres in [6].

In section 2 we define the commutative, non-associative algebra A^∗_n(R^D) which deforms A(R^D), and give the derivations of this algebra. In this review, we recall that the associator (A ∗ B) ∗ C − A ∗ (B ∗ C) of three functions A, B and C on A^∗_n(R^D) can be written as an operator F(A, B) acting on C or as an operator E(A, C) acting on B. These operators have expansions in terms of derivations of the algebra (given in appendix B) and naturally appear when one attempts to construct covariant derivatives for the gauge theory. We find that an inevitable consequence of this structure is that the connection and gauge parameter have to be generalised such that they too have derivative expansions (i.e. they can be understood as functions on the deformed cotangent bundle A^∗_n(T^∗R^D)). The infinite number of component functions in these expansions transform as totally symmetric tensors under the Lorentz group. Consequently we find that this extended gauge theory on A^∗_n(T^∗R^D) is related to higher spin gauge theory on A^∗_n(R^D). The local and global structure of this extended gauge theory is analysed in section 3.

We observe that the extended gauge theory remains non-trivial even in the limit where the non-associativity parameter goes to zero. In section 4 we describe certain physical properties in this associative limit. In particular we construct a gauge-invariant action and field equations for the extended theory using techniques related to the phase space formulation of quantum mechanics initiated by Weyl [24] and Wigner [25]. The infinite

– 2 – number higher spin components of the extended gauge field become just tensors on R^D in the associative limit. We describe various aspects of the extended theory in component form in order to make the connection with higher spin gauge theory more explicit. From this perspective it will be clear that the extended theory (as we have presented it) does not realise all the possible symmetries of the corresponding higher spin theory on R^D. We suggest that it could describe a partially broken phase of some fully gauge-invariant theory. We then compare the structure we find with that of the interacting theory of higher spin fields discovered by Vasiliev [18]. A precise way to embed Maxwell theory in the extended theory is given. The method is identical to the unfolding procedure which has been used by Vasiliev in the context of higher spin gauge theories [20]. It can also be understood simply via a change of basis in phase space under a particular symplectic transformation.

In section 5 we describe how the extended theory in the associative limit described in section 4 is related to a projection of an ordinary non-commutative Yang-Mills theory. We also describe connections to Matrix theory. We then discuss how one might generalise the results of section 4 to construct a gauge-invariant action for the non-associative theory. Section 6 contains some concluding remarks.

2. The non-associative deformation A^∗_n

We begin by defining the non-associative space of interest. Following [1], we consider the commutative, non-associative algebra A^∗_n(R^D) which is a specific deformation of the commutative, associative algebra of functions A(R^D) on R^D (which is to be thought of as physical spacetime in D dimensions). Another space that will be important in forthcoming discussions is the algebra of differential operators acting on A^∗_n(R^D). This algebra is isomorphic to the deformed algebra A^∗_n(T^∗R^D) of functions on the (flat) cotangent bundle T^∗R^D. This correspondence will be helpful when we come to consider gauge theory on A^∗_n(R^D).

The space R^D has coordinates x^μ and flat metric. The euclidean signature metric δ_{μν} arises most directly in the Matrix theory considerations motivating [1] but the algebra can be continued to lorentzian signature by replacing this with lorentzian metric η_{μν} . The algebraic discussion in this and the next section (and in the appendices) works equally well in either signature, but some additional subtleties related to gauge-fixing discussed in section 4 are specific to the lorentzian case. The deformed algebra A^∗_n(R^D) is spanned by the infinite set of elements {1, x^μ , x^{μ 1μ 2} , . . .},^1 where each x^{μ 1···μs} transforms as a totally symmetric tensor of rank s under the Lorentz group. The commutative (but non-associative) product ∗ for all elements x^{μ 1···μs} is defined in [1] and appendix B (this appendix also defines a more general set of products with similar properties to ∗). The explicit formula is rather complicated but the important point is that x^{μ 1···μs} ∗ x^{ν1···νt} equals x^{μ 1···μsν1···νt} up to the addition of lower rank elements with coefficients proportional to inverse powers of n (for example x^μ ∗ x^ν =x^ν ∗ x^μ =x^{μν} +^1_n η^{μν} ). This means that the algebra is associative up to terms involving inverse powers of n. An immediate consequence of this structure is that

1In [1], the elements x were called z and the deformed algebra A^∗_n(R^D ) was called B^∗_n(R^D).

– 3 – lim_{n→∞} A^∗_n(R^D) = A(R^D), since lim_{n→∞} x^{μ 1···μs} = x^{μ 1} · · · x^{μ s} (the ∗-product being just pointwise multiplication in this limit). Henceforth we refer to n → ∞ as the associative limit.

Recall that symmetries of non-commutative spaces are typically generated by the subgroup of the Lorentz group corresponding to symplectic transformations preserving the non-commutativity parameter (see e.g. [23, 40]). As explained in [1] however, A^∗_n(R^D) corresponds to a milder deformation of R^D since it is still commutative and the nonassociativity parameter is a Lorentz scalar (proportional to 1/n). Therefore the deformation above does not break Lorentz symmetry.

One can define derivations ∂_μ of A^∗_n(R^D) via the rule

∂_μ x^{μ 1···μs} = sδ^{(μ 1}_μ x^{μ 2···μs)} , (2.1)

where brackets denote symmetrisation of indices (with weight 1).^2 This definition implies that ∂_μ satisfy the Leibnitz rule when acting on ∗-products of elements of A^∗_n(R^D). This Leibnitz property also holds with respect to the more general commutative, non-associative products described in appendix B. It is clear that composition of these derivations is a commutative and associative operation. In the associative n → ∞ limit, ∂_μ just act as the usual partial derivatives on R^D.

2.1 Functions Functions of the coordinates x^{μ 1···μs} are written A(x) ∈ A^∗_n(R^D). Such functions form a commutative but non-associative algebra themselves with respect to the ∗ multiplication. A quantitative measure of this non-associativity is given by the associator

[A, B, C] := (A ∗ B) ∗ C − A ∗ (B ∗ C) (2.2)

for three functions A, B and C. Since A^∗_n(R^D) is commutative then the associator (2.2) has the antisymmetry [A, B, C] = −[C, B, A]. The associator also satisfies the cyclic identity [A, B, C] + [B, C, A] + [C, A, B] ≡ 0. An important fact noted in [1] is that such associators can be written as differential operators involving two functions acting on the third. In particular, one can define the two operators E(A, B) and F(A, B) via

[A, B, C] =: E(A, C) B =: F(A, B) C . (2.3)

The antisymmetry property of the associator implies E(A, B) = −E(B, A) and the cyclic identity implies F(A, B)−F(B, A) = E(A, B). These operators have the following derivative expansions (see [1] or appendix B)

E(A, B) = ∞� s=1 1 s! (E^{μ 1 ···μs} (A, B))(x) ∗ ∂_{μ 1} · · · ∂_{μ s} ,

F(A, B) = ∞� s=1 1 s! (F^{μ 1 ···μs} (A, B))(x) ∗ ∂_{μ 1} · · · ∂_{μ s} , (2.4)

2The derivations ∂μ were called δμ in [1].

– 4 – where the coefficients E^{μ 1 ···μs} (A, B) and F^{μ 1···μs} (A, B) are both polynomial functions of the algebra transforming as totally symmetric tensors under the Lorentz group.^3 The properties quoted above follow for each of these coefficients so that E^{μ 1 ···μs} (A, B) = −E^{μ 1···μs} (B, A) and F^{μ 1···μs} (A, B) − F^{μ 1···μs} (B, A) = E^{μ 1 ···μs} (A, B). The reason there are no s = 0 terms in (2.4) is that the associators [A, 1, C] and [A, B, 1] are both identically zero. Thus since (2.4) are valid as operator equations on any function then including such zeroth order terms in (2.4) would imply their coefficients are identically zero by simply acting on a constant function. The first non-vanishing s = 1 coefficients in (2.4) can be expressed rather neatly as associators, such that E^μ (A, B) = [A, x^μ , B] and F^μ (A, B) = [A, B, x^μ ]. In a similar manner, all subsequent s > 1 coefficients in (2.4) can also be expressed in terms of (sums of) associators of A and B with coordinates x^{μ 1···μs} (though we do not give explicit expressions as they are unnecessary). An important point to keep in mind is that E(A, B) and F(A, B) vanish in the associative limit as expected.

The algebra of the differential operators in (2.4) closes under composition and is nonassociative (following non-associativity of A^∗_n(R^D)) but it is also non-commutative. Since E(A, B) and F(A, B) vanish in the associative limit the algebra of these operators becomes trivially commutative when n → ∞. As will be seen in the next subsection, more general differential operators acting on A^∗_n(R^D) also close under composition to form a non-commutative, non-associative algebra. However, this more general algebra remains non-commutative (but associative) when n → ∞. For example, the commutator subalgebra of differential operators acting on R^D corresponding to sections of the tangent bundle T R^D (i.e. vector fields over R^D) is non-abelian (even though R^D is itself commutative). Indeed this is often how one considers simple non-commutative geometries — as hamiltonian phase spaces of ordinary commutative position spaces (see e.g. [23]). We will draw on this analogy when we come to construct a gauge theory on A^∗_n(R^D).

2.2 Differential operators

General differential operators acting on A^∗_n(R^D) are written

Â =^∞ � s=0 1 s! A^{μ 1···μs} (x) ∗ ∂_{μ 1} · · · ∂_{μ s} , (2.5)

where A^{μ 1 ···μs} are functions of the algebra transforming as totally symmetric tensors under the Lorentz group. It is clear that such operators can equivalently be viewed as elements of the deformed algebra A^∗_n(T^∗R^D) of functions on the cotangent bundle T^∗R^D. In the associative limit, A^∗_∞(T^∗R^D) is just the Weyl algebra of R^D (i.e. the infinite-dimensional universal enveloping algebra of the Heisenberg algebra in D-dimensions spanned by all polynomials of coordinates x^μ and partial derivatives ∂_μ ). Because of this A^∗_n(T^∗R^D) may also be thought of as a deformed Weyl algebra.

Just as in (2.4), the general operators (2.5) also close under composition to form a non-commutative and non-associative algebra. The operator realisations E(A, B) and

3The ∗-product in the expression for the operators (2.4) means act first on a function with the derivatives, then ∗-multiply this differentiated function with the coefficients (for each s in the sum).

– 5 –

F(A, B) (2.3) of the associator of functions have useful generalisations to the case where functions A and B are replaced by operators Â and B̂ respectively. In particular, we define

Ê(Â, B̂)C := B̂(ÂC) − Â(B̂C) , F̂(Â, B̂)C := [Â, B̂, C] = (ÂB̂)C − Â(B̂C) , (2.6)

where C is a function. The definition of F̂ still involves the associator (just as in (2.3)). Notice though that the definition of Ê does not involve the associator [Â, C, B̂] = (ÂC)B̂ − Â(CB̂) directly since the algebra of differential operators is non-commutative. It is the Ê operator defined in (2.6), however, that will be of interest in the forthcoming discussion. This new definition reduces to the usual associator definition (2.3) when Â = A and B̂ = B (since the algebra of functions is commutative). The definitions (2.6) obey the identities Ê(Â, B̂) ≡ − Ê(B̂, Â) and F̂(Â, B̂) − F̂(B̂, Â) ≡ Ê(Â, B̂) + [Â, B̂] (where [Â, B̂] := ÂB̂ − B̂Â is just the commutator of operators). These reduce to the identities found earlier in terms of functions when Â = A and B̂ = B. In the associative limit, notice that F̂(Â, B̂) vanishes identically whilst Ê(Â, B̂) reduces to the commutator [B̂, Â].

The explicit derivative expansion for Ê(Â, B̂) is given in appendix A for later reference (the corresponding expression for F̂(Â, B̂) will not be needed). We should just conclude this review of the relevant algebras associated with A^∗_n(R^D) by noting that, unlike (2.4), the operator expression for Ê(Â, B̂) includes a non-vanishing zeroth order algebraic term. It is easy to see that this is so by considering C in (2.6) to be the constant function. In this case all derivative terms in Ê(Â, B̂) on the left hand side vanish whilst the right hand side reduces to the non-vanishing function B̂A − ÂB (where A and B are the zeroth order parts of Â and B̂ respectively). Thus the zeroth order part Ê(Â, B̂)_{(0)} = B̂A − ÂB, which vanishes when Â = A and B̂ = B as expected.

3. Non-associative gauge theory

We begin this section by reviewing the subtleties raised in [1] associated with formulating an abelian gauge theory on A^∗_n(R^D). We show that a naive formulation is not possible on this non-associative space. Instead it is rather natural to consider an extension of such an abelian gauge theory on the deformed algebra A^∗_n(T^∗R^D) of functions on the cotangent bundle. We describe the local and global gauge structure of this non-associative extended theory. We find the structure to be similar to that of a Yang-Mills theory with infinitedimensional gauge group. We will return to the question of embedding an abelian gauge theory on A^∗_n(R^D) in this extended structure in later sections.

3.1 Abelian gauge theory on A^∗_n(R^D)

A necessary ingredient in the construction of any gauge theory is the concept of a gaugecovariant derivative. Consider a field Φ which is a function of A^∗_n(R^D) and define it to have the infinitesimal gauge transformation law

δΦ = ϵ ∗ Φ , (3.1)

– 6 – where ϵ is an arbitrary polynomial function of A^∗_n(R^D). (One reason for the choice of (3.1) is that it is reminiscent of the infinitesimal gauge transformation for a field in the fundamental representation of the gauge group in ordinary Yang-Mills theory.) An operator D_μ that is covariant with respect to (3.1) must therefore obey

δ(D_μ Φ) = ϵ ∗ (D_μ Φ) . (3.2)

Clearly the derivation ∂_μ (2.1) alone does not obey this covariance requirement since δ(∂_μ Φ) = ϵ ∗ (∂_μ Φ) + (∂_μ ϵ) ∗ Φ. To compensate we must introduce a gauge connection A_μ , which we take to be a function on A^∗_n(R^D) and which transforms such that δ(A_μ ∗ Φ) = ϵ ∗ (A_μ ∗ Φ) − (∂_μ ϵ) ∗ Φ. Clearly the existence of such an A_μ would imply that

D_μ Φ := ∂_μ Φ + A_μ ∗ Φ (3.3)

indeed defines a covariant derivative on functions, satisfying (3.2). Using (3.1) then implies that we require A_μ to transform such that

(δA_μ ) ∗ Φ = −(∂_μ ϵ) ∗ Φ + ϵ ∗ (A_μ ∗ Φ) − A_μ ∗ (ϵ ∗ Φ) . (3.4)

In ordinary gauge theory (3.4) would allow one to simply read off the necessary gauge transformation for A_μ but here things are more complicated due to non-associativity. In particular, notice that the last two terms in (3.4) can be written as the associator [A_μ , Φ, ϵ] and therefore, using (2.3), we require

δA_μ = −(∂_μ ϵ) + E(A_μ , ϵ) . (3.5)

This requirement, however, leads to a contradiction since the first two terms in (3.5) are algebraic functions on A^∗_n(R^D) whilst (2.4) tells us that the third term acts only as a differential operator on A^∗_n(R^D). Therefore such an A_μ can only exist when E(A_μ , ϵ) = 0, i.e. in the associative limit where this would simply be an abelian gauge theory on R^D!

As indicated in [1], the most conservative way to proceed is therefore to simply generalise the gauge connection A_μ from an algebraic function to a differential operator Â_μ with derivative expansion

Â_μ = ∞� s=0 1 s! A^{α 1···αs} μ (x) ∗ ∂_{α 1} · · · ∂_{α s} , (3.6)

where each component A^{α 1···αs}_μ is an algebraic function on A^∗_n(R^D) which transforms in the (GL(D, R)-reducible) tensor product representation corresponding to a vector times a totally symmetric rank-s tensor of the Lorentz group (we denote this representation (1) ⊗ (s)). Unlike the associator operators (2.4), there is no reason not to include all possible terms in the sum (3.6). Indeed, in the associative limit, we will see that the only algebraic s = 0 term A_μ has the interpretation of an abelian gauge field embedded in this extended theory. In a similar manner one can also generalise the gauge parameter ϵ to a differential operator ϵ̂ with derivative expansion

ϵ̂ = ∞� s=0 1 s! ϵ^{α 1···αs} (x) ∗ ∂_{α 1} · · · ∂_{α s} . (3.7)

– 7 –

As noted already, the algebra of such operators is both non-associative and noncommutative. Consequently we must take care when revising the arguments of this subsection in terms of these extended fields. This revised analysis is described, in the next subsection, within the framework of global gauge transformations for the extended theory.

In concluding, it is important to stress that the generalisation we have made is a modification of the original theory and therefore the extended theory need not trivially reduce to an abelian gauge theory on R^D in the associative limit. (Notice that the s > 0 terms in (3.6) and (3.7) do not vanish as n → ∞.) Indeed we will find it does not though we will give a precise way to embed the abelian theory in its extension on R^D.

3.2 Global structure

Consider again a field Φ which is a function of A^∗_n(R^D) but now with infinitesimal gauge transformation law δΦ = ϵ̂ Φ , (3.8)

where ϵ̂ is the extended differential operator (3.7). Formally this is similar to Yang-Mills theory where one then obtains the global gauge transformation by exponentiating the local (Lie algebra valued) gauge parameter to obtain a general Lie group element (or more precisely the fundamental representations of these quantities). The main difference here is that the algebra of local gauge transformations (3.8) is non-associative. Despite this, given a general differential operator ϵ̂, there still exists a well-defined exponential exp(ϵ̂) [22]. The construction essentially just follows the power series definition of the exponential map for matrix algebras but here one must choose an ordering for powers of ϵ̂ (so as to avoid the potential ambiguities due to non-associativity). We follow [22] and define powers via a “left action” rule so that

exp(ϵ̂)Φ := Φ + ϵ̂Φ + 1 2 ϵ̂(ϵ̂Φ) + 1 3! ϵ̂(ϵ̂(ϵ̂Φ)) + · · · , (3.9)

for any function Φ. It is then clear that the exponentiated operator ĝ := exp(ϵ̂) is also a differential operator acting on the algebra (albeit a rather complicated function of ϵ̂) and we define the “global” transformation of Φ to be

Φ → ĝΦ . (3.10)

This transformation obviously reduces to (3.8) in some neighbourhood of the identity where ĝ = 1 + ϵ̂ (the “identity” here is the unit element of A^∗_n(R^D)). The set of all transformations (3.10) does not quite form a group under left action composition since it fails to satisfy the associativity axiom (due to non-associativity of the algebra). However, all the other group axioms are satisfied.^4

4Closure under composition follows using an extension of the Baker-Campbell-Hausdorff formula whereby the composition of two exponentials can itself be expressed as an exponential with the exponent being the sum of the two original exponents plus corrections involving commutators and associators of these exponents. As already mentioned above, the identity element is simply the unit element of A^∗_n(R^D). Every element ĝ = exp(ϵ̂) has the left inverse ĝ^{−1} := exp(−ϵ̂) which satisfies ĝ^{−1} (ĝΦ) = ĝ(ĝ^{−1} Φ) = Φ for any function Φ. Thus ĝ^{−1} = 1 − ϵ̂ locally.

– 8 –

The derivation ∂_μ is not covariant with respect (3.10) since this transformation implies ∂_μ Φ → [∂_μ , ĝ]Φ + ĝ(∂_μ Φ). As noted at the end of the previous subsection, we therefore introduce a gauge connection Â_μ which must transform such that Â_μ Φ → −[∂_μ , ĝ]Φ + ĝ(Â_μ Φ) in order that D̂_μ Φ := ∂_μ Φ + Â_μ Φ (3.11)

transforms covariantly under (3.10). This necessary gauge transformation of Â_μ Φ under (3.10) can be realised provided the gauge transformation of Â_μ is defined such that

Â_μ Φ → −[∂_μ , ĝ](ĝ^{−1} Φ^′) + ĝ(Â_μ (ĝ^{−1} Φ^′)) (3.12)

under the more general function transformation Φ → Φ^′. This gives the desired gauge transformation when Φ^′ = ĝΦ. One can obtain the gauge transformation of Â_μ itself by using the operator F̂ (2.6) to rearrange the brackets in (3.12). In particular, notice that the right hand side of (3.12) can be written � −[∂_μ , ĝ] + ĝÂ_μ − F̂(ĝ, Â_μ ) � (ĝ^{−1} Φ^′) = � −[∂_μ , ĝ] + ĝÂ_μ − F̂(ĝ, Â_μ ) � ĝ^{−1} � Φ^′ − − F̂ � −[∂_μ , ĝ] + ĝÂ_μ − F̂(ĝ, Â_μ ) � , ĝ^{−1} � Φ^′ . (3.13)

Therefore Â_μ must have the following gauge transformation

Â_μ → � −[∂_μ , ĝ] + ĝÂ_μ − F̂(ĝ, Â_μ ) � ĝ^{−1} − F̂ � −[∂_μ , ĝ] + ĝÂ_μ − F̂(ĝ, Â_μ ) � , ĝ^{−1} � . (3.14)

Setting ĝ = 1 + ϵ̂ in (3.14) leads to the infinitesimal form of the gauge transformation

δÂ_μ = −[∂_μ , ϵ̂] + Ê(Â_μ , ϵ̂) . (3.15)

Of course, at the infinitesimal level, this transformation equivalently follows by the requirement that δ(D̂_μ Φ) = ϵ̂( D̂_μ Φ) under (3.8).

Notice that (3.14) and (3.15) do not quite take the form one would expect by naively following the Yang-Mills analogy (that is they differ from what one might expect by associator terms). This is a consequence of the non-associativity of the underlying algebra of functions. In the following section we will find that the expected Yang-Mills type structure follows exactly in the associative limit.

In the discussion above we have only defined covariant derivatives D̂_μ on functions and not on differential operators. Although not of the standard Yang-Mills form, (minus) the right hand side of (3.15) can still be taken as the definition for the action of the covariant derivative on operator ϵ̂, such that

D̂_μ · ϵ̂ := [∂_μ , ϵ̂] + Ê(ϵ̂,Â_μ ) . (3.16)

This statement is partially justified by the fact that D̂_μ then satisfies the Leibnitz rule D̂_μ (ϵ̂Φ) = ( D̂_μ · ϵ̂)Φ + ϵ̂(D̂_μ Φ) (for general operator ϵ̂ and function Φ). 5

5It should be noted that the naive commutator action [∂μ + Âμ , ϵ̂] on an operator ϵ̂ fails to satisfy the Leibnitz rule due to associator terms. The commutator action is identical to the covariant derivative proposed above in the associative limit.

– 9 –

Based on the transformation law found above, we define the field strength F̂_{μν} as

F̂_{μν} := Ê(D̂_ν , D̂_μ ) = [∂_μ , Â_ν ] − [∂_ν , Â_μ ] + Ê(Â_ν , Â_μ ) . (3.17)

It is clear from this definition that F̂_{μν} is indeed a differential operator which transforms as a two-form under the Lorentz group. In addition, since the gauge transformations above imply that D̂_μ Φ → ĝ( D̂_μ (ĝ^{−1} Φ^′)) , (3.18)

under (3.12), then it follows that F̂_{μν} Φ = D̂_μ (D̂_ν Φ) − D̂_ν (D̂_μ Φ) transforms as

F̂_{μν} Φ → ĝ( F̂_{μν} (ĝ^{−1} Φ^′)) , (3.19)

and is therefore also gauge-covariant when Φ^′ = ĝΦ. The infinitesimal form of the covariant gauge transformation of F̂_{μν} is δF̂_{μν} = Ê(F̂_{μν} , ϵ̂) . (3.20)

From the evidence above, it is clear that there are various subtleties related to the non-associative nature of the theory. Indeed the non-associativity complicates matters even further in the description of more physical aspects of the theory like lagrangians, field equations and the embedding of an abelian gauge theory in this extended framework. Recall though that this extended theory should have a non-trivial structure, even in the associative limit. We therefore postpone further discussion of the non-associative extended theory to analyse its associative limit in more detail.

4. Gauge theory on T^∗R^D and higher spin gauge theory on R^D

We begin this section by briefly summarising the results of the previous subsection in the associative limit. We then describe how one can construct a gauge-invariant action and equations of motion for this theory. Writing the extended gauge field Â_μ in terms of component functions A^{α 1···αs}_μ we find that the extended theory describes an interacting theory involving an infinite number of higher spin fields. When written in component form, it will be clear that the extended theory (as we have described it) does not realise all the possible symmetries of the corresponding higher spin gauge theory. We suggest that the extended theory could correspond to a partially broken phase of some fully gauge-invariant higher spin theory. A comparison of the structure we find with that of the interacting theory of higher spin fields discovered by Vasiliev [18] is then given. We conclude the section by showing how an abelian gauge theory can be embedded in this extended framework. The embedding is related to the unfolding procedure used by Vasiliev in the context of higher spin gauge theory [20].

4.1 The associative limit

Many expressions found in the previous section retain their schematic form in the associative limit. For example, the gauge transformations for functions are just as in (3.8), (3.10)

– 10 – though Φ is now simply a function on R^D whilst operators like ϵ̂ in (3.7) now have the expansion

ϵ̂ = ∞� s=0 1 s! ϵ^{α 1···αs} (x)∂_{α 1} · · · ∂_{α s} , (4.1)

in terms of an infinite number of functions ϵ^{α 1···αs} on R^D (which still transform as totally symmetric tensors under the Lorentz group). It should also be noted that the set of gauge transformations (3.10) now form a group since the associativity axiom is no longer violated in this limit.

Recall that the associator operators E, F and F̂ in (2.4), (2.6) vanish in the associative limit whilst Ê(Â, B̂) reduces to the commutator [B̂, Â]. Consequently the gauge transformation (3.14) takes the more familiar Yang-Mills form

Â_μ → −[∂_μ , ĝ]ĝ^{−1} + ĝÂ_μ ĝ^{−1} . (4.2)

This reduces to the infinitesimal variation

δÂ_μ = −[∂_μ + Â_μ , ϵ̂] . (4.3)

As explained earlier, from this transformation we define the action of the covariant derivative D̂_μ = ∂_μ + Â_μ on operators ϵ̂ to be D̂_μ · ϵ̂ := [D̂_μ , ϵ̂].

Since connections and gauge parameters are functions of both x and ∂ then the associative limit of the extended theory in D dimensions is also related to Yang-Mills theory on a 2D-dimensional non-commutative space. This connection will be clarified in section 5.1.

The transformation (4.2) implies that D̂_μ indeed transforms covariantly as

D̂_μ → ĝD̂_μ ĝ^{−1} . (4.4)

Hence the field strength (3.17)

F̂_{μν} = [D̂_μ , D̂_ν ] = [∂_μ , Â_ν ] − [∂_ν , Â_μ ] + [Â_μ , Â_ν ] , (4.5)

also transforms covariantly. The infinitesimal form of this covariant transformation being

δF̂_{μν} = [ϵ̂,F̂_{μν} ] . (4.6)

4.2 Action and field equations

A simple equation of motion to consider for the extended theory in the associative limit is

[D̂^μ , F̂_{μν} ] = 0 . (4.7)

This is the field equation one would expect from following the Yang-Mills type structure found for the extended theory in the previous subsection. The equation (4.7) is invariant under the gauge transformation (4.2). Moreover it is this equation (rather than, say, the also gauge-invariant equation D̂^μ F̂_{μν} = 0) which reduces to the correct Maxwell equation as we will see in section 4.5.

– 11 –

Following the Yang-Mills analogy further, a natural gauge-invariant action to consider is of the form − 1 4 Tr � F̂_{μν} F̂^{μν} � . (4.8)

Such an action can be constructed for the extended theory we are considering provided there exists a well-defined map

Tr : A(T^∗R^D) → R . (4.9)

Furthermore, since we are now dealing with an associative theory, it is clear that an action (4.8) would be gauge-invariant provided the map (4.9) is symmetric, such that it satisfies Tr(ÂB̂) = Tr(B̂Â) , (4.10)

for any differential operators Â and B̂. The next task is therefore to show that such a symmetric map exists.

Before going into the details of the map we should make a few remarks. Firstly, notice that we write the map Tr which alludes to the Yang-Mills analogy where it simply consists of taking the usual gauge-invariant trace (using the Cartan-Killing metric for the gauge group) followed by integrating over spacetime. However, we do not assume a priori that the map (4.9) can be factorised in this way.^6 In the Yang-Mills case the symmetry property of Tr simply follows from the fact that the trace is symmetric. The symmetry of the trace is a rather general property of finite-dimensional representations — as one considers for Yang- Mills theories with compact gauge groups — since such representations can be expressed in terms of finite-dimensional square matrices (and for two such matrices X, Y , the trace of XY is just X^i_j Y^j_i = Y^i_j X^j_i ). For the extended theory we are considering though fields are valued in the algebra of differential operators on R^D and the situation is very different for the case of such infinite-dimensional representations. For example, in quantum mechanics, if the Heisenberg algebra [x̂, p̂] = i had any representations of finite dimension n ≠ 0 (and hence a symmetric trace) then it would imply the well-known contradiction 0 = in !

The example above is quite pertinent since we will now show that fields in the extended theory we are considering are related to certain functions in the formulation of quantum mechanics based on the original work of Weyl [24] and Wigner [25] which was later developed by Groenewold [27] and Moyal [28] (see [31] for a nice review). Within this framework, there exists a natural concept of the symmetric map Tr. In terms of the abstract canonically conjugate operators x̂^μ and p̂_μ , a general operator Â of the form (4.1) is written Â = A(x̂, p̂) = ∞� s=0 i^s s! A^{α 1···αs} (x̂)p̂_{α 1} · · · p̂_{α s} . (4.11)

Such objects form the most general set of operators for a quantum mechanical system on R^D. These operators can be given definite Hermiticity properties by simply reordering x̂ and p̂ appropriately in (4.11) at the expense of changing the values of the coefficients in

6As explained in [23], non-commutative gauge theories provide a counter example where such a factorisation of Tr is not possible.

– 12 – the expansion of a general A(x̂, p̂). Of course this would put restrictions on the kind of coefficient functions A^{α 1···αs} permitted in (4.11). Let us therefore just proceed with the “p̂ to the right” ordering prescription above.^7

Given this ordering rule, the Weyl homomorphism [24] says that every operator A(x̂, p̂) (4.11) is naturally associated with an ordinary c-number function Ã on the classical phase space R^{2D} (spanned by coordinates (x, p)), such that

A(x̂, p̂) = 1 (2π)^{2D} � dy dq dx dp Ã(x, p) exp(i q_μ (x̂^μ − x^μ )) exp(i y^μ (p̂_μ − p_μ )) . (4.12)

The operator Â and function Ã in (4.12) are then said to be Weyl-dual. For the ordering rule we have chosen, notice that the q and y integrals can be evaluated in (4.12) to give the formal Dirac delta functions δ(x̂ − x) and δ(p̂ − p) respectively. Since these delta functions involve the operators x̂ and p̂, they do not commute. Their arrangement in (4.12) clearly respects our ordering rule. Therefore, for example, if Ã is a polynomial function of the phase space variables x and p then (4.12) says that the corresponding operator function A is exactly the same polynomial function, but of the operators x̂ and p̂ respectively – with the p̂ operators ordered to the right. In particular this means that (4.12) relates the operators x̂^μ and p̂_ν to the classical phase space coordinates x^μ and p_ν respectively. The coefficient position operators A^{α 1 ···αs} (x̂) in (4.11) can therefore also be written in terms of the function Ã, such that

A^{α 1···αs} (x̂) = 1 (2π)^{2D} � dy dq dx dp Ã(x, p)y^{α 1} ...y^{α s} exp(i q_μ (x̂^μ − x^μ ) − i y^μ p_μ ) . (4.13)

The trace Tr of the operator A(x̂, p̂) is defined by

Tr(Â) := � dx dp Ã(x, p) . (4.14)

This integral is only defined for functions Ã with suitably rapid asymptotic decay properties. We will describe a particular Wigner basis for a class of such integrable functions in the next subsection.

The inverse of the relation (4.12) can then be expressed in terms of this trace, such that

Ã(x, p) = 1 (2π)^{2D} � dy dq exp(i (q_μ x^μ + y^μ p_μ )) Tr � exp(−i q_μ x̂^μ )Â exp(−i y^μ p̂_μ ) � . (4.15)

That (4.12) defines a homomorphism was first noted by von Neumann [26]. It follows from the fact that, given two operators Â and B̂ (of the form (4.11)) with respective Weyl-dual functions Ã and B̃, then one can find a new function denoted Ã ⋆ B̃ which is related to

7This prescription is sometimes referred to as standard ordering and was considered originally by Mehta [29]. An alternative prescription (considered by [31] and the references therein) is the totally symmetric Weyl ordering of x̂ and p̂ in a given operator. Weyl ordering guarantees that operators are Hermitean. We are very grateful to C. Zachos for pointing out the comprehensive review by Lee [30] of the precise relationships between the various possible ordering prescriptions.

– 13 – the operator product ÂB̂ precisely as in (4.12) (i.e. ÂB̂ and Ã ⋆ B̃ are also Weyl-dual).^8 The ⋆ in the Weyl-dual function mentioned above denotes the so called Moyal product [27] of two functions on phase space with respect to the standard ordering of Mehta [29] we are usingḟootnoteThis ⋆-product of phase space functions should not be confused with the ∗-product of elements of the fuzzy space A^∗_n(R^D) used earlier. The ⋆-product is noncommutative and associative (as one would expect since these properties are also true of the operator product). The action of this product between functions can be expressed succinctly in terms of the following exponentiated differential operator

⋆ = exp � −i ←− ∂ ∂p_μ −→ ∂ ∂x^μ � , (4.16)

where a left (right) pointing arrow denotes the action of that derivative on the function to the left (right) of the ⋆-product only.^9 More specifically, given two functions Ã and B̃ then

Ã ⋆ B̃ =^∞ � m=0 1 m! (−i)^m � ∂ ∂p_{μ 1}

· · · ∂ ∂p_{μ m} Ã � � ∂ ∂x^{μ 1}

· · · ∂ ∂x^{μ m} B̃ � . (4.17)

Notice in particular that the m = 0 term in (4.17) is just the commutative classical product of functions ÃB̃. The m > 0 terms are not commutative but are invariant under the combined exchange Ã ↔ B̃ and x ↔ p. Equation (4.17) implies that x^μ ⋆ p_ν = x^μ p_ν and p_ν ⋆ x^μ = x^μ p_ν − i δ^μ_ν , thus confirming that the ⋆-product of functions preserves the structure of the Heisenberg algebra. It is also worth noting that partial derivatives (with respect to x or p) act as derivations on the algebra of classical phase space functions with ⋆-product since they obey the Leibnitz rule when acting on (4.17).

The definition (4.17) implies that � dx dp (Ã ⋆ B̃)(x, p) = � dx dp Ã^′(x, p)B̃^′(x, p) = � dx dp (B̃ ⋆ Ã)(x, p) , (4.18)

where the primed phase space functions denote Ã^′ := exp

�_i 2 ∂ ∂x^μ ∂ ∂p_μ � Ã and B̃′ := exp �_i 2 ∂ ∂x^μ ∂ ∂p_μ � B̃ which are just multiplied with respect to the classical product in (4.18).

Thus the trace (4.14) of the operator product ÂB̂ is indeed symmetric, as required.

The precise form of the gauge-invariant action (4.8) is therefore given by − 1 4 Tr � F̂_{μν} F̂^{μν} � = − 1 4 � dx dp F̃^′_{μν} (x, p)F̃^{′μν} (x, p) , (4.19)

where the function F̃^′_{μν} := exp

�_i 2 ∂ ∂x^μ ∂ ∂p_μ � F̃_{μν} and F̃_{μν} is the Weyl-dual of the operator F̂_{μν} , which can be obtained using (4.15).

8In general, the product ÂB̂ of two ordered operators Â and B̂ is not ordered. Nonetheless the operator algebra still closes since this product can be rewritten as a sum of correctly ordered terms. The sum of terms correspond to the various commutators one picks up through reordering x̂’s and p̂’s.

9We thank C. Zachos for pointing out an error in the expression (4.16) in an earlier version of the paper.

– 14 –

The formal similarity with Yang-Mills theory found thus far might lead one to expect that the field equation (4.7) follows as the Euler-Lagrange equation for (4.19). Indeed, varying the action (4.19) gives Tr � (δÂ^ν )[D̂^μ , F̂_{μν} ] � which would seem to suggest the equation of motion (4.7). This is not the case however. The obstruction is due to the fact that the trace Tr does not act diagonally on the components of general operator products. More will be said about this subtlety in subsection 4.2.2. We just conclude by noting that the Euler-Lagrange equation for (4.19) consists of a particular linear combination of all the components of [D̂^μ , F̂_{μν} ]. It is therefore less restrictive than (4.7) in the sense that solutions of (4.7) are also solutions of this field equation though the converse statement is not necessarily true. It may be possible to obtain (4.7) from (4.19) via additional constraints but we will not explore this further here.

4.2.1 Wigner basis for integrable functions We will now briefly describe a particular basis for a class of classical functions which have finite integrals over phase space (a more detailed review of this construction is given in [31]). This will show us how to restrict to the class of Weyl-dual operators for which the trace map Tr is well-defined. Of course, this is necessary so that the gauge-invariant action (4.19) exists.

Consider a complete orthonormal basis of eigenfunctions {ψ_a} for a given hamiltonian H. To each such eigenfunction ψ_a(x) on R^D, there is an associated Wigner function

f_a(x, p) = 1 (2π)^D � dyψ^∗_a (x − y) e^{−iy μ pμ} ψ_a (x) , (4.20)

on phase space.

One can show that such Wigner functions satisfy the orthogonality relation f_a(x, p) ⋆ f_b(x, p) = (1/2π)^D δ_{ab}f_b(x, p) with respect to the ⋆-product (following from the fact that the eigenfunctions are orthonormal with respect to the L^2(R^D) inner product). Consequently the set of Wigner functions {f_a} is closed with respect to ⋆ multiplication. One can also show that (4.20) implies that each Wigner function is integrable over phase space since � dx dp f_a(x, p) = 1 (this follows from the fact the eigenfunctions are L^2(R^D) normalised).

Clearly linear combinations of these Wigner functions form a vector space with a closed ⋆-product and admit partial derivatives which obey the Leibnitz rule. Moreover, any phase space function Ã which has an expansion in terms of Wigner functions, such that Ã(x, p) = � a Ã_af_a(x, p), is guaranteed to be integrable over phase space provided the set of constant coefficients { Ã_a} have a finite sum � a Ã_a < ∞. Thus if we restrict to classical functions which can be expanded in this way then the corresponding Weyldual operators (obtained from (4.12)) will have finite traces. Imposing these restrictions guarantees the gauge-invariant action (4.19) is well-defined.

An explicit realisation of the Wigner basis defined above that would be suitable for our purposes follows from the hamiltonian H = (p_μ p^μ + x^μ x_μ )/2 (in euclidean signature R^D) corresponding to D decoupled harmonic oscillators. The Wigner functions f_a are then each proportional to � exp �_{−i} 2 ∂ ∂x^μ ∂ ∂p_μ � � e^{−2H} L_a(4H) � , where {L_a|a ∈ Z_+} are the Laguerre polynomial functions. Each of these Wigner functions has Gaussian decay at

– 15 – large x and p. This structure is appealing from the point of view of constructing convergent integrals though it must be understood that considering only functions of this nature on T^∗R^D is quite a severe restriction. In particular, the set of such integrable functions on the classical phase space R^{2D} is roughly as large as the set of all functions on R^D, since the basis of the former set is in one-to-one correspondence with complete set of eigenfunctions of the hamiltonian for a particle moving on R^D. In this sense, the corresponding Weyl-dual space of finite trace operators is much smaller than the complete set of functions on T^∗R^D. Consequently the number of degrees of freedom is more apt to describe a theory living on R^D, with the use of T^∗R^D viewed as a tool which allows generalisation to the nonassociative theory. We expect other ways to construct finite trace operators exist wherein, for example, delta-normalisable functions like e^{ikx} would be permitted. In particular, it is conceivable that there exists a much larger space of finite trace operators that would capture more of the structure of a gauge theory on T^∗R^D.

4.2.2 Action in position space

The gauge-invariant action (4.19) was expressed as an integral over phase space. To understand the physical properties of the extended theory it would be desirable to see how this action looks as an integral over spacetime only. Such an expression can be obtained as follows. Using (4.15) allows us to express (4.19) as − 1 4(2π)^{4D} � dx dp dy dq dy^′dq^′ exp � − i 2 (y^μ q_μ + y^{′μ} q^′_μ ) � × × Tr � exp(−i q_μ (x̂^μ − x^μ ))F̂_{αβ} exp(−iy^μ (p̂_μ − p_μ )) � × × Tr � exp(−iq^′_μ (x̂^μ − x^μ ))F̂^{αβ} exp(−iy^{′μ} (p̂_μ − p_μ )) �

= − 1 4(2π)^{2D} � dy dq exp (−i y^μ q_μ ) Tr � exp(−iq_μ x̂^μ )F̂_{αβ} exp(−iy^μ p̂_μ ) � × × Tr � exp(iq_μ x̂^μ )F̂^{αβ} exp(iy^μ p̂_μ ) �

= − 1 4(2π)^D � dy dx dx^′δ(x − x^′ + y)⟨x|F̂_{αβ} exp(−i y^μ p̂_μ )|x⟩⟨x^′|F̂^{αβ} exp(i y^μ p̂_μ )|x^′⟩ = − 1 4(2π)^D � dy dx ⟨x|F̂_{αβ} exp(−iy^μ p̂_μ )|x⟩⟨x + y|F̂^{αβ} exp(i y^μ p̂_μ )|x + y⟩ . (4.21)

In the second line of (4.21) we have performed the x and p integrals to obtain delta functions δ(y + y^′) and δ(q + q^′) which have then been integrated. The third line of (4.21) follows by introducing a position basis |x⟩ for the traces, on which x̂^μ |x⟩ = x^μ |x⟩ and p̂_μ |x⟩ = −i∂_μ |x⟩.

Given the operator expansion (of the form (4.11)) for F̂_{μν} then one can formally evaluate (4.21) in terms of the coefficient functions F^{α 1···αs}_{μν} by writing ip̂_α e^{iyμ p̂μ} = ∂(e^{iyμ p̂μ} )/∂y^α . The action (4.21) is then proportional to ∞� s,t=0

(−1)^{s+t} s!t! t� k=0 � t k � K_{α 1···αsβ k+1···βt} � dx F^{α 1···αs} μν (x)∂_{β 1} · · · ∂_{β k} F^{μνβ 1···βt} (x) , (4.22)

– 16 – where K_{α 1···αsβ k+1···βt} are “volume factors” � ∂ ∂y^{α 1}

· · · ∂ ∂y^{α s} ∂ ∂y^{β k+1}

· · · ∂ ∂y^{β t} δ(y) � y=0 , (4.23)

that are constant totally symmetric tensors which weight each term in the sum (4.22). Since the delta function is a symmetric function then only the even rank tensor volume factors are non-zero and are proportional to (totally symmetrised) tensor products of the flat metric η_{μν} . Despite the obvious divergence of each of these weights, provided we restrict to the Wigner basis of integrable functions described in the previous section then the overall sum (4.22) is guaranteed to be finite. This statement is consistent with the fact that the volume factors are different for each term in the sum (4.22), so that one cannot simply redefine the action by an overall infinite scale to remove the individual divergent terms (e.g. δ^{′′}(0)/δ(0) is still infinite).

The action (4.22) can be expressed as a finite sum of finite terms by regulating the distributions in (4.23). We achieve this by introducing an ultraviolet cutoff N in the momentum integrals defining the delta function. In particular, we define the function δ_N on euclidean R^D such that

δ_N (x) := � N √ 2π �_D exp � − N^2x^2 2 � . (4.24)

This corresponds to a standard representation of the Dirac delta function in the N → ∞ limit (but also satisfies � dx δ_N (x) = 1 for any finite N). At the origin δ_N (0) = (N/ √ 2π)^D.

The regulated even rank volume factors in (4.23) can then be written

∂_{μ 1} · · · ∂_{μ 2r} δ_N (0) = (−1)^r

(2r)! 2^rr!

N^{2r}η_{(μ 1 μ 2} · · · η_{μ 2r−1 μ 2r )}δ_N (0) , (4.25)

whilst the odd rank factors indeed vanish identically. This is useful because it allows one to formally factor out the delta function at the origin in (4.22) to obtain the regulated action

δ_N (0) ∞� s,t=0 1 s!t! t� k=0 � t k � (−1)^{s+t+k2}

(s + t − k)! 2^{s+t−k}2

�_{s+t−k} 2 � ! N^{s+t−k} × × � dxF^{α 1···αs} μν ∂_{β 1} · · · ∂_{β k} F^{μνβ 1···βt} η_{(α 1α 2} · · · η_{α sβ k+1} · · · η_{β t−1 β t)} , (4.26)

where the sums are over all terms with s + t − k even. A finite action in position space will be obtained from (4.26) in the N → ∞ limit where the cutoff is removed following a simple field redefinition that will be described in section 4.3.

The expression above illustrates the point made about the non-diagonal action of the trace on operator products at the end of section 4.2. That is, the total symmetrisation of all the metric indices above implies that, even in the k = 0 sum, one does not have only diagonal terms of the form F_{μνα 1 ···αs} F^{μνα 1···αs} in the lagrangian. Off-diagonal terms involving traces of individual field strength component indices, like F^α_{μνα 1 ···αsα} F^{μνα 1···αs} , are also present. This property is clearly independent of having introduced the cutoff and would indeed occur when formally evaluating (4.22).

– 17 –

4.3 The extended theory in component form

To investigate the connection with interacting higher spin gauge theory, it will now be enlightening to examine in more detail some of the features of the extended theory in component form.

The components of the gauge field Â_μ transform infinitesimally as

δA^{α 1 ···αs} μ = −∂_μ ϵ^{α 1···αs} + Ê^{α 1···αs} (Â_μ , ϵ̂)

= −∂_μ ϵ^{α 1···αs} + s� k=0 � s k �_∞� r=1 1 r! � ∂_{β 1} · · · ∂_{β r} A^{(α 1 ···αk}_μ � ϵ^{α k+1···αs)β 1···βr} − − � ∂_{β 1} · · · ∂_{β r} ϵ^{(α 1···αk} � A^{α k+1···αs)β 1···βr} μ � , (4.27)

under (4.3). The second line of (4.27) follows from equation (A.5) proven in appendix A.

The components of the field strength F̂_{μν} (4.5) are functions which can be written in terms of the components of Â_μ as

F^{α 1···αs} μν = 2∂_{[μ} A^{α 1···αs}_{ν]} − Ê^{α 1 ···αs} (Â_μ , Â_ν )

= 2∂_{[μ} A^{α 1···αs}_{ν]} − s� k=0 � s k �_∞� r=1 1 r! � ∂_{β 1} · · · ∂_{β r} A^{(α 1···αk}_μ � A^{α k+1···αs)β 1···βr} ν − − � ∂_{β 1} · · · ∂_{β r} A^{(α 1 ···αk}_ν � A^{α k+1···αs)β 1···βr} μ � , (4.28)

where (square) bracketed indices are (anti)symmetrised with weight 1. By construction, the functions F^{α 1···αs}_{μν} transform in the (GL(D, R)-reducible) tensor product representation corresponding to a two-form times a totally symmetric rank-s tensor of the Lorentz group (written (1, 1) ⊗ (s)^{10}).

The non-linear terms in the field strength components above imply that the gaugeinvariant action (4.26) is not conformally-invariant. Since the momentum cutoff N has length dimension −1 then the action (4.26) is only dimensionless provided the field strength component F^{α 1···αs}_{μν} in (4.28) has length dimension s (coordinates x^μ have dimension 1 and metric components η_{μν} are dimensionless). One must then introduce dimensionful coupling constants to ensure that the linear and non-linear gauge field terms in (4.28) have the same dimension. If one considers the linear part of the field strength (4.28) only then the action (4.26) would be scale invariant provided each gauge field A^{α 1···αs}_μ has length dimension s + 1. A non-linear term in (4.28) must then have length dimension s + 2. The associated coupling constant g must therefore have dimension −2 for any value of s. Dimensional consistency thus requires a factor of g to multiply the non-linear terms in both (4.27) and (4.28). Since the action (4.26) is quadratic in the field strength components (4.28) then, in addition to the kinetic terms that are quadratic in the gauge fields, there are both cubic and quartic interaction terms with couplings g and g^2 respectively. This structure is just as in standard Yang-Mills theory.

10We take (p1, . . . , p_k) to denote the GL(D, R)-irreducible representation corresponding to a Young tableau with k rows, each of length pi (where i = 1, . . . , k).

– 18 –

The cutoff dependence of the k = 0 terms in (4.26) can be formally removed by a simple redefinition F^{α 1···αs}_{μν} → N^{−s−D/2} F^{α 1···αs}_{μν} of each of the field strength components (4.28). The redefined action is then proportional to ∞� s=0 � t≤s (−1)^s(2s)!

(s + t)!(s − t)!2^ss! � dxF^{α 1···αs+t} μν F^{μνα s+t+1···α2s} η_{(α 1 α 2} · · · η_{α 2s−1 α 2s)} , (4.29)

up to the addition of k > 0 terms involving only inverse powers of N that will vanish in the N → ∞ limit when the cutoff is removed.

Since N is dimensionful, the redefinition modifies the dimensions of each gauge field and coupling in the action. In particular, the redefinition of the field strength above follows from the redefinition A^{α 1···αs}_μ → N^{−s−D/2} A^{α 1···αs}_μ (hence each A^{α 1···αs}_μ now has dimension 1 − D/2). The effect of this redefinition in the gauge transformation (4.27) and field strength (4.28) is to modify the coupling constants multiplying the non-linear terms. For every s, a non-linear term of fixed r in (4.27) and (4.28) has the coupling g mentioned above replaced by g_{(r)} := N^{−r−D/2} g. The coupling g_{(r)} has dimension r − 2 + D/2, which is always positive for D > 2. Notice that, if g is a fixed finite number, all the couplings g_{(r)} vanish in the limit N → ∞. The single coupling constant g_{(1)} can be kept finite and non-zero as N → ∞, by choosing g to scale like N^{1+D/2}g_f in this limit (for some finite parameter g_f ). The free theory can then be obtained by setting g_{(1)} = g_f = 0. For small g_f , the interacting theory could be quantised as a perturbation of this free limit.

Coupling constants with positive spin-dependent length dimensions, such as discussed above, have also been found for interacting higher spin theories in flat space in the earlier work [11]. The couplings g_{(r)} are similar in structure to the ’t Hooft parameters discussed in the context of holography for general brane solutions of string theory in [12]. This is because the cutoff N we have introduced to regulate the delta functions is related to the number of degrees of freedom of the extended theory. It would be interesting to understand whether these couplings are also indicative of a holographic interpretation for the extended theory we have described.

4.3.1 Higher spin symmetry By construction, the field strength components (4.28) transform in the appropriate covariant sense under (4.27). Indeed if we restrict attention to the linear terms in these formulas then it is clear that F_{μνα 1 ···αs} = 2∂_{[μ} A_{ν]α 1···αs} is invariant under δA_{μα 1 ···αs} = −∂_μ ϵ_{α 1···αs} . However, as explained in [7], the most general first order infinitesimal transformation for a linear gauge field in the representation (1) ⊗ (s) of the Lorentz group is

δA_{μα 1 ···αs} = ∂_μ ε_{α 1 ···αs} + s∂_{(α 1} ξ_{α 2···αs)μ} , (4.30)

in terms of the rank-s tensor parameters ε_{α 1···αs} (in the totally symmetric (s) representation) and ξ_{α 1···αs−1 μ} (in the GL(D, R)-reducible (1) ⊗ (s − 1) representation). The corresponding linear field strength that is invariant under (4.30) involves s + 1 derivatives of A_{μα 1 ···αs} and is given by 2^{s+1}∂_{[α 1} · · · ∂_{[α s} ∂_{[μ} A_{ν]β s]···β1]} . (4.31)

– 19 –

The various sets of square brackets indicate antisymmetrisation of the s + 1 pairs of indices [μν], [α_1β_1], . . . , [α_sβ_s] separately. It is therefore important to understand that the extended theory (as we have described it) does not realise all the possible gauge symmetries even at the linear level. That is we have effectively taken ε = −ϵ and ξ = 0 in (4.30) and so were able to realise a gauge-invariant field strength involving only one derivative of A_{μα 1···αs} . A consequence of this fact is that one has not enough gauge symmetry to fix all the components of the higher spin fields that could give rise to states of negative norm in the quantum theory in lorentzian signature. This is not an issue in euclidean R^D. The interpretation of the extended theory in euclidean signature will be discussed in section 5.2.

4.3.2 Gauge-fixing in lorentzian signature Let us briefly review how a gauge-fixing of the theory in lorentzian signature could be achieved at the linear level, given the full symmetry (4.30). For simplicity, let us first focus on the s = 1 component A_{μα} in (4.30). There are exactly 2D − 1 temporal components A_{0a}, A_{m0} and A_{00} of this field that lead to non-unitarity (since they obstruct A_{μα} being transverse to the timelike/null direction defining the massive/massless little group of SO(D − 1, 1)). There are 2D gauge parameters ε_α and ξ_μ which contain 2D − 2 spacelike components ε_a and ξ_m that can be used to gauge away the components A_{0a} and A_{m0}. One of the two timelike gauge parameter components (ε_0 or ξ_0) is itself removed via the residual δε_α = ∂_α λ, δξ_μ = −∂_μ λ symmetry in (4.30). The remaining timelike component can then be used to gauge away A_{00}. As discussed in [7], this can be done in a Lorentzcovariant way via a specific gauge-fixing procedure, resulting in the on-shell constraints ∂^μ A_{μα} = 0, ∂^α A_{μα} = 0 and A^μ = 0 on the gauge field. The analysis above can be repeated for the general higher spin field A_{μα 1 ···αs} and one again finds that all the temporal components of this gauge field can be removed using the gauge parameters ε_{α 1 ···αs} and ξ_{α 1···αs−1 μ} . In terms of counting this can be easily seen from the fact that all the timelike components of A_{μα 1···αs} can be written as A_{0α 1···αs} and A_{μ0α 1···αs−1} , which are in the same representations of the Lorentz group as the gauge parameters ε_{α 1···αs} and ξ_{α 1···αs−1 μ} respectively. Of course, A_{0α 1···αs} and A_{μ0α 1 ···αs−1} have the temporal elements A_{00α 1···αs−1} in common and so it would seem there are

�_{D+s−2} s−1 � more gauge parameters than temporal components of the gauge field. However, the residual symmetries δε_{α 1 ···αs} = s∂_{(α 1} λ_{α 2···αs)}, δξ_{α 1 ···αs−1 μ} = −∂_μ λ_{α 1···αs−1} of the gauge parameters in (4.30) mean that precisely the �_{D+s−2} s−1 � unaccounted for parameters can be gauged away, thus making the counting correct. This gauge-fixing can be performed covariantly to yield the on-shell constraints ∂^μ A_{μα 1 ···αs} = 0, ∂^α A_{μαα 1 ···αs−1} = 0, A^μ_{α 1···αs−1} = 0 and A^α_{μαα 1 ···αs−2} = 0, for each A_{μα 1···αs} .

A unitary version of the extended theory we have described would require sufficient constraints on A_{μα 1 ···αs} and ϵ_{α 1···αs} to compensate for the lack of ξ_{α 1···αs−1 μ} symmetry. One obvious way this could be achieved would be to define the “partially gauge-fixed” path integral as a sum over the A_{μa 1 ···as} and ϵ_{a1···as} components only (that is where the “gauge” indices α are purely spacelike). Clearly the gauge symmetry ϵ_{a1···as} is sufficient to fix the non-vanishing timelike components A_{0a1 ···as} of the higher spin fields. In the linear theory, such a gauge can be imposed in a Lorentz-covariant manner via the constraints ∂^α A_{μαα 1 ···αs−1} = 0, A^μ_{α 1···αs−1} = 0 and A^α_{μαα 1 ···αs−2} = 0, which are invariant under gauge

– 20 – transformations with parameter satisfying ∂^α ϵ_{αα 1···αs−1} = 0 and ϵ^α_{α 1 ···αs−2} = 0. The constraint ∂^μ A_{μα 1···αs} = 0, however, only follows after fixing the remaining (harmonic part of the) ϵ_{a1···as} symmetry. It is not clear though whether there exist appropriate generalisations of the Lorentz-covariant constraints above for the non-linear theory. As for massive gauge theories, it is possible that the symmetry broken by interactions in the extended theory implies that such constraints follow as identities from the equation of motion (4.7).

4.3.3 Comments on restoring full gauge symmetry Since the extended theory has a Yang-Mills type structure on T^∗R^D then it is not surprising that it does not realise all the higher spin symmetries. This is simply because of the U(1) principal bundle structure over T^∗R^D we are implicitly using. The connection on this bundle is just given by the covariant derivative D̂_μ (4.4) and so the curvature F̂_{μν} = [D̂_μ , D̂_ν ] naturally contains a linear term involving only one derivative of the higher spin fields. As already noted above, even at the linear level one requires a higher derivative field strength (4.31) to realise all the higher spin symmetries. Of course, if a fully gauge-invariant formulation of the extended theory exists then one might expect there to exist some generalised covariant derivative that would replace partial derivatives in (4.30) and (4.31) (followed by appropriate Young symmetrisation if necessary). Such a generalised covariant derivative cannot simply be D̂_μ since, by construction, this only transforms covariantly under the ϵ_{α 1···αs} part of the higher spin symmetry. All that can be said is that it must reduce to D̂_μ in the “partially broken” phase of the theory we have described.

Such a partially broken structure would perhaps be similar to what happens for free higher spin theories where the Fronsdal equations [13] for totally symmetric tensor gauge fields (which are second order in derivatives) are not invariant under the most general gauge transformation for such fields. In particular one finds that the trace part of the gauge parameter cannot be realised as a symmetry of the equations of motion and so is set to zero. To construct an action realising this traceless gauge symmetry one must then impose the constraint that the double trace of the higher spin field vanishes. It is now known that these Fronsdal equations can be reobtained from the fully gauge-invariant (but non-local) field equations given in [17, 7]. One can also realise the trace part of the gauge symmetry by reintroducing the double trace part of the field as a compensator field which restores the full gauge symmetry in the Fronsdal formalism [13]. A fully gauge-invariant reformulation of the extended theory may therefore require additional compensator fields. More will be said about this point in section 5.2.

4.4 Comparison with Vasiliev theory The non-linearities in (4.27) and (4.28) suggest that the action and field equations found earlier describe interactions between the infinite number of component higher spin gauge fields A^{α 1···αs}_μ . As we have seen, even at the free level, the formulation of higher spin gauge theories is a rather subtle problem (and is discussed, for example in [7]–[10], [13]–[17]). Perhaps not surprisingly, the formulation of gauge-invariant interacting higher spin theories is even more complicated. Attempts to construct such models in flat space have been considered in [11, 32, 33]. The only known consistent framework to describe interacting

– 21 – higher spin gauge theories was developed by Vasiliev [18], [19] (see also [21]). We now give a brief summary of this construction [20] in order to compare the structure with that of (the associative limit of) the extended theory we have described above.

The approach is based on an extension of the MacDowell-Mansouri formulation of antide Sitter gravity [34]. Recall that the frame-like formulation of gravity can be considered as a gauging of the Poincaré group SO(D −1, 1)⋉R^D. The gauge fields related to translations and rotations are the vielbein e^α_μ and the Lorentz connection ω^{αβ}_μ = −ω^{βα}_μ respectively. The curvature for the vielbein and Lorentz connection are respectively proportional to the torsion and Riemann tensors of the spacetime geometry. Setting the torsion to zero then allows one to solve for the Lorentz connection in terms of the vielbein in the usual way. The MacDowell-Mansouri idea was to instead gauge the AdS_D isometry group SO(D − 1, 2). The gauge field associated with SO(D − 1, 2) rotations is written ω^{AB}_μ = −ω^{BA}_μ . If one fixes a timelike vector in the auxiliary space R^{D+1} then this gauge field can be decomposed into e^α_μ and ω^{αβ}_μ (with gauge indices transverse to the fixed timelike direction). This reduced theory does not quite correspond to the gauging of the Poincaré group described above though since the “translation” generators fail to commute with each other up to an SO(D − 1, 1) rotation with coefficient proportional to the inverse norm-squared of the fixed timelike vector in the auxiliary space. In fact the reduced theory precisely describes gravity on AdS_D (i.e. in the presence of a cosmological constant which is identified with the aforementioned coefficient in the algebra). A particularly nice feature of this construction is that it allows one to express the Einstein-Hilbert lagrangian (with cosmological term) in a manifestly SO(D − 1, 2)-invariant form, in terms of the curvature of the connection ω^{AB}_μ and the fixed timelike vector in the auxiliary space only.

Vasiliev considers an extended version of this formulation of gravity on AdS_D in terms of an infinite set of fields {ω^{A1···AsB1···Bs} μ |s ≥ 0}. The gauge indices for a given field here transform in the traceless (s, s) irreducible representation of the anti-de Sitter group SO(D − 1, 2) (i.e. they correspond to Young tableau with two rows of equal length). Just as in the MacDowell-Mansouri formulation of gravity, one can fix a timelike vector in the auxiliary space (whose norm is again related to the cosmological constant) and decompose the fields above in representations of SO(D − 1, 1). This results in the set of generalised vielbeins {e^{α 1 ···αs}_μ |s ≥ 0} and Lorentz connections {ω^{α 1···αsβ 1···βt}_μ |0 < t ≤ s, s ≥ 0}. The underlying infinite-dimensional extension of the anti-de Sitter algebra that determines the non-linear terms in the curvature for this gauging is called hu(1|sp(2)[D − 1, 2]) and has also been found as an extension of the conformal algebra in D − 1 dimensions by Eastwood [35] in considering all possible symmetries of the Laplace equation for a scalar field on R^{D−1} . The details of this rather complicated algebra need not concern us here, sufficed to say that its maximal finite-dimensional subalgebra is so(D − 1, 2).

The precise form of the non-linear interaction terms involving all the component fields also becomes very complicated. To simplify matters one can perform a linearised analysis around a fixed anti-de Sitter background. The gauge-invariant action for this free theory can be written in a MacDowell-Mansouri form in terms of the linearised curva-

– 22 – ture for ω^{A1···AsB1···Bs} μ and the fixed timelike vector only. More precisely, it is a sum of MacDowell-Mansouri type actions with relative coefficients fixed such that the only nontrivial variations come from the gauge transformations of the fields e^{α 1···αs}_μ and ω^{α 1···αsβ}_μ . The gauge parameters for these fields are written ε^{α 1···αs} and ξ^{α 1···αsβ} respectively (and can be understood as generalisations of linearised diffeomorphisms and local Lorentz transformations). A generalisation of the “no torsion” constraint further implies that all ω^{α 1···αsβ}_μ can be solved in terms of (first derivatives of) the fields e^{α 1···αs}_μ . Consequently, each remaining ξ^{α 1···αsβ} symmetry can be used to gauge away the “hook” part of e_{βα 1···αs} .^{11} The resulting action is then simply an infinite sum of Fronsdal actions [13] for all possible free totally symmetric fields e_{(μα 1 ···αs)} on AdS_D. Since e^{αα 2···αs}_{μα} = 0 then the symmetric parts e_{(μα 1 ···αs)} obey the double tracelessness constraint in [13].

Despite the fact that we have considered a flat rather than anti-de Sitter background, it is still tempting to naively identify the components of the extended gauge field A^{α 1 ···αs}_μ with the generalised vielbeins e^{α 1···αs}_μ in the Vasiliev theory. The similarity between these fields does not seem to extended much beyond their index structure though. Even at this level there are some subtle differences. In particular, gauge-invariance in the Vasiliev theory requires the trace constraint e^{αα 2···αs}_{μα} = 0, which is not necessary in the extended theory. As discussed in subsection 4.3.2, this constraint seems to be related to unitarity in the extended theory. We therefore do not exclude the possibility that a fully gauge-invariant formulation of the extended theory could be related more closely to Vasiliev theory. We will not investigate this possibility further here though since many of the spacetime geometrical concepts in the Vasiliev theory (e.g. the generalised Lorentz connections) have no obvious analogue from the gauge theory perspective.

At the level we have described it, it is not even clear whether the extended theory contains gravity. Indeed naively setting all the component higher spin fields (and gauge parameters) except the vielbein-like field A^α_μ (and parameter ϵ^α ) to zero does not reproduce the frame-like formulation of gravity (that one would obtain by doing this for the Vasiliev theory). In particular, the only non-trivial parts of the gauge transformation (4.27) and field strength (4.28) then become δA^α_μ = −∂_μ ϵ^α + (∂_β A^α_μ )ϵ^β − (∂_β ϵ^α )A^β_μ and F^α_{μν} = 2∂_{[μ} A^α_{ν]} − 2(∂_β A^α_{[μ} )A^β_{ν]}. This gauge transformation and field strength would correspond to vielbein diffeomorphism and torsion tensor in the naive correspondence with gravity. These quantities clearly do not have the form necessary for this correspondence to be true^{12} (except maybe in the presence of additional constraints).

These differences should perhaps be expected since our description was considered as an extension of Maxwell theory which, of course, has a local U(1) gauge symmetry and a global Poincaré spacetime symmetry. The Vasiliev theory follows from a similar extension but of gravity on AdS_D with local SO(D −1, 2) spacetime symmetry. Thus, just as Vasiliev theory naturally contains anti-de Sitter gravity, we should expect that there exists some consistent way to embed Maxwell theory in our extended formalism.

11That is, the piece of e_{βα 1···αs} which is not totally symmetric and so transforms in the (s, 1) representation of the local Lorentz group. This is simply the generalisation of the antisymmetric part of the vielbein being removed by local Lorentz symmetry to give the graviton.

12For example, unlike the vielbein, the field A^α_μ is not even required to be an invertible matrix.

– 23 –

4.5 Abelian embedding

A similarity between Vasiliev’s formulation of higher spin gauge theory and the associative limit of the extended theory can be seen in the way one embeds a simple abelian gauge theory in the latter which just follows the unfolding procedure for the former. In particular, notice that all the non-linear terms in (4.27) and (4.28) vanish if we take the extended gauge field Â_μ and parameter ϵ̂ to have components

A_{μα 1···αs} = ∂_{α 1} · · · ∂_{α s} A_μ , ϵ_{α 1···αs} = ∂_{α 1} · · · ∂_{α s} ϵ . (4.32)

This result is proved in appendix A where it is found that operators with components of this form generate an abelian subalgebra of the commutator algebra of differential operators on R^D. The constraint (4.32) relates all the higher spin components of Â_μ and ϵ̂ to their lowest order components A_μ and ϵ. These functions represent the Maxwell potential and parameter used in the conventional description of abelian gauge theory on R^D. The higher spin s > 0 component gauge transformations (4.27) and field strengths (4.28) are also not independent since they just correspond to s > 0 derivatives of the s = 0 Maxwell gauge transformation δA_μ = −∂_μ ϵ and field strength F_{μν} = 2∂_{[μ} A_{ν]}. In a similar manner, the field equations (4.7) just reduce to the Maxwell equations ∂^μ F_{μν} = 0 upon imposing (4.32). The field equations that follow from the gauge-invariant action (4.29) upon imposing (4.32) however take the form (

�_∞ s=0 c_s□^s) ∂^μ F_{μν} = 0, where c_s are constants and □ := ∂_μ ∂^μ . As already observed for the non-linear theory, this equation is indeed less restrictive than ∂^μ F_{μν} = 0. In fact, equations of this less restrictive kind were also described for more general free higher spin fields in [7].

The constraints (4.32) are a simple case of the more general principle of unfolding used by Vasiliev (see e.g. [20]) to show how a higher spin theory with an infinite number of fields can describe a finite number of physical degrees of freedom. A classic example is where one has an infinite set of independent totally symmetric traceless tensors of increasing rank {ϕ_{μ 1 ···μs} |s ≥ 0}. This set simply describes a massless free scalar field ϕ if supplemented with the infinite set of constraints ϕ_{α 1···αs} = ∂_{α 1} · · · ∂_{α s} ϕ. It is clear that such constraints relate all the higher spin fields to the scalar ϕ. The dynamics of this scalar field are encapsulated by the tracelessness of each ϕ_{μ 1 ···μs} when supplemented with the constraints. In particular, the tracelessness of the constraint ϕ_{μν} = ∂_μ ∂_ν ϕ implies that ϕ satisfies the massless Klein-Gordon equation □ϕ = 0. This is similar to what we find for the embedding described above. In particular, if A_{μα 1 ···αs} are traceless (for any pair of contracted indices), then the first constraints in (4.32) are equivalent to the correct Maxwell equations □A_μ = 0 and ∂^μ A_μ = 0 (in Lorentz gauge). If ϵ_{α 1···αs} are also traceless then the second constraints in (4.32) imply □ϵ = 0 which gives the class of harmonic gauge transformations δA_μ = −∂_μ ϵ under which the aforementioned (gauge-fixed) Maxwell equations are invariant.

4.5.1 Symplectic transformations and abelian embedding The construction of the ansatz (4.32) relied on the existence of an abelian subalgebra of the commutator algebra of differential operators on R^D. The abelian subalgebra used in (4.32)

– 24 – was the one given in appendix A. A generalisation which leads to other (less restrictive) ansatze can be derived as follows.

Recall that the Heisenberg algebra [x̂^μ , p̂_ν ] = iδ^μ_ν in D-dimensions is invariant under the linear action of the symplectic group Sp(D). This group consists of real 2D×2D matrices M which obey MJM^t = J, where J = � 0 1_D −1_D 0 � , (4.33)

is the canonical symplectic form. When divided into D×D blocks, M = � a b c d � , (4.34)

where a, b, c and d are real D×D constant matrices which obey ab^t = ba^t, cd^t = dc^t and ad^t − bc^t = 1_D. Block triangular symplectic matrices of the form (4.34) with c = 0 form a subgroup of Sp(D). The symplectic constraints for this subgroup are that ab^t = (ab^t)^t and d^t = a^{−1} . The fact that ab^t is a symmetric D×D matrix for this subgroup implies that a^{−1} b is also symmetric.

Consider now the canonical position space representation of this Heisenberg algebra (where x̂^μ and p̂_ν act as x^μ and −i∂_ν respectively on the basis vectors |x^μ ⟩ of the Hilbert space). General operators in this representation thus correspond to functions A(x, ∂). If we write the operators x^μ and ∂^ν as a 2D-component column vector

X := � x ∂ � , (4.35)

then the symplectic group defined above has the simple matrix multiplication action X → MX on this representation. In terms of the D-dimensional blocks, this translates to x → ax + b∂ and ∂ → cx + d∂. A class of mutually commuting operators are those which are diagonal with respect to the basis |x^μ ⟩. That is, functions H(x) := A(x, 0) of x^μ only in this representation. The subgroup of block triangular symplectic matrices defined above map commuting operators to commuting operators. In particular, such triangular matrices transform x → ax + b∂ and ∂ → d∂, so that the function H(x) is mapped to the function H(ax + b∂). All such functions H(ax + b∂) are still mutually commuting. This fact can be verified using the Taylor expansion

H(ax + b∂) = H(ax) + (∂_μ H(ax))(a^{−1} b∂)^μ + 1 2 (∂_μ ∂_ν H(ax))(a^{−1} b∂)^μ (a^{−1} b∂)^ν + · · · = ∞� s=0 1 s! (∂_{μ 1} · · · ∂_{μ s} H(ax))(a^{−1} b)^{μ 1ν1} · · · (a^{−1} b)^{μ sνs} ∂_{ν1} · · · ∂_{νs} , (4.36)

together with the fact that a^{−1} b is symmetric (where (a^{−1} b∂)^μ ≡ (a^{−1} b)^μ_ν ∂^ν ). Such commuting operators clearly correspond to a restricted class of functions on T^∗R^D but are more general than those found in appendix A. The discussion in appendix A corresponds to operators in (4.36) with a = b = 1_D.

– 25 –

The natural generalisation of the embedding (4.32) is therefore to impose

A_{μα 1 ···αs} (x) = (a^{−1} b)_{α 1β 1} · · · (a^{−1} b)_{α sβ s} ∂^{β 1} · · · ∂^{β s} A_μ (x) ,

ϵ_{α 1···αs} (x) = (a^{−1} b)_{α 1β 1} · · · (a^{−1} b)_{α sβ s} ∂^{β 1} · · · ∂^{β s} ϵ(x) , (4.37)

on all the s > 0 components, for any constant D×D matrices a and b satisfying a^{−1} b = (a^{−1} b)^t (hence a must also be invertible).^{13} Taking a = b in (4.37) reproduces the embedding (4.32) whilst taking b = 0 in (4.37) gives the embedding proposed in [1] Since operators with components of this form commute with each other then Maxwell theory follows in the same way as was described in the previous subsection.

5. Comments and discussion

This section outlines how the theory described in section 4 is related to several constructions familiar in string theory. Various generalisations of the extended theory are also discussed. We begin by showing how the associative limit of the extended theory is equivalent to a gauge-invariant projection of a non-commutative gauge theory. We explain that consideration of the theory in euclidean signature is important from the perspective of fuzzy sphere solutions of Matrix theory. We suggest how a formulation in de Sitter space could resolve the issues regarding non-unitarity in the lorentzian theory. We then discuss how one might describe certain physical properties of the non-associative theory.

5.1 Relation to non-commutative gauge theory

We have observed that the gauge theory related to the non-associative space A^∗_n(R^D) is naturally formulated on the deformed cotangent bundle A^∗_n(T^∗R^D). This extended gauge theory was found to remain non-trivial in the associative limit in section 4. In this limit there are D covariant derivatives D̂_μ = ∂_μ + A_μ (x, ∂). The structure of gauge fields here is just as one finds for gauge theory on the 2D-dimensional non-commutative space T^∗R^D (see for example [23, 40]), where the non-commutativity parameter is given by the canonical symplectic form on the cotangent bundle. One difference is that the non-commutative gauge theory on T^∗R^D has 2D covariant derivatives D̂_M = ∂_M + A_M (X) (where M = 1, . . . , 2D). The 2D coordinates on T^∗R^D are written X^M = (x^μ , x^{ν̃} ) = (−i∂^{μ̃} , −i∂^ν ) (where μ, ν = 1, . . . , D and μ̃ = μ + D = D + 1, . . . , 2D) and obey the algebra [X^M , X^N ] = iΘ^{MN} (where only Θ^{μν̃} = −Θ^{ν̃μ} = δ^{μν} are non-vanishing). The discussion can be formally developed for the lorentzian case by replacing δ^{μν} with η^{μν} , but will be more subtle since there are then two timelike directions.

A gauge field satisfying D̂_{μ̃} = 0 is given by (Â_μ , Â_{ν̃} ) = (a_μ , −ix_ν ). This configuration has vanishing field strength [D̂_M , D̂_N ] = 0 for any constant a_μ . It evidently solves the field equations although for actions usually considered in non-commutative gauge theory (e.g. [41]), which contain the square of a shifted field strength [D̂_M , D̂_N ] + iΘ_{MN} , such

13The s = 0 components must satisfy Aμ (x) = A^′_μ (ax) and ϵ(x) = ϵ^′(ax) for some auxiliary fields A^′_μ and ϵ^′. For a given a, if one just defines A^′_μ (x) := Aμ (a^{−1} x) and ϵ^′(x) := ϵ(a^{−1} x) then this constraint is simply an identity.

– 26 – solutions have infinite energy. General fluctuations around such a background in the noncommutative theory would not preserve the D̂_{μ̃} = 0 condition. Imposing this condition is therefore a projection of the non-commutative theory. This projection is consistent with the extended theory we have described in the sense that D̂_{μ̃} = 0 is gauge-invariant under conjugation by a general element exp(ϵ(x, ∂)). The non-vanishing component of the field strength [D̂_M , D̂_N ] for a gauge field with Â_{ν̃} = −ix_ν is precisely the field strength F̂_{μν} (4.5) of the extended theory. The gauge-invariant action obtained in section 4.2 as an integral over position and momentum space is related to the standard non-commutative Yang-Mills action by the projection above.

5.2 Matrix theory realisations

Recall from subsection 4.3.2 that the gauge symmetry realised by the extended theory in Minkowski spacetime is not sufficient to remove all negative norm states from the spectrum (without additional constraints). This issue does not arise in euclidean R^D where the theory defines a statistical mechanical model of fields transforming in higher spin representations of SO(D). A time direction can be added to this theory to obtain a non-relativistic system in D + 1 dimensions with spatial SO(D) invariance. One can then consider a sphere S^{D−1} embedded in the euclidean subspace R^D. This construction is natural in the context of fuzzy spheres which give rise [1],[6] to the class of non-associative algebras we started the paper with. These fuzzy sphere constructions follow as solutions to 0-brane actions (which initially contain a time direction) as used in the BFSS Matrix theory conjecture [42]. The fuzzy spherical worldvolume emerges from matrix degrees of freedom associated with the spatial directions of the spacetime only. The fuzzy R^D considered above is to be understood as the euclidean embedding space of these fuzzy spheres.

The non-associative lorentzian theory could also arise from a Matrix theory construction where the matrix components are associated with a lorentzian subspace of the physical spacetime. For example, one could attempt to follow the fuzzy sphere construction to obtain a fuzzy de Sitter space from the IKKT Matrix model [43]. In fact, such a formulation could potentially restore full gauge-invariance in the associative limit of the lorentzian theory. The reason is because one classifies positive energy states in dS_D locally^{14} via unitary irreducible representations of SO(D, 1) (rather than of SO(D − 1, 1) in Minkowski space). This means that one cannot always describe higher spin field theories on flat and curved spacetimes in terms of the same number of degrees of freedom [37]. In particular, for massless theories, gauge symmetry often requires one to introduce compensator fields which are coupled to the fundamental higher spin field in curved space and become decoupled only in the flat space limit.^{15} Of course, for massive theories, gauge symmetry

14Of course, globally, de Sitter space is not causally complete and so this analysis is restricted to a given causal patch.

15For example, in [37] it was found that the gauge-invariant formulation of a massless “hook” field (in the (2, 1) representation of the local Lorentz group) in anti-de Sitter space requires an additional “gravitonlike” compensator field (in the (2) representation of the local Lorentz group). The hook and graviton-like fields are only decoupled in flat space where a fully gauge-invariant description of each massless free field is possible.

– 27 – implies that the compensator fields must not decouple in flat space [38, 39]. In a similar manner, it is conceivable that the gauge symmetries broken by interaction terms in the extended theory could be restored via compensator fields introduced following a de Sitter space reformulation. It is possible that such a reformulation could have interacting “partially massless” phases, of the kind discovered by Deser and Waldron [36] for free higher spin bosonic theories in de Sitter space, which are unitary despite only realising a reduced gauge symmetry.

5.3 On the non-associative theory

Deviation from the precise Yang-Mills type structure in the non-associative theory on A^∗_n(T^∗R^D) makes the physical properties of the associative theory on T^∗R^D found in section 4 rather difficult to generalise. The appropriate generalisation of the associative equation of motion (4.7) is D̂^μ ·F̂_{μν} = 0 . (5.1)

This certainly gauge transforms covariantly (in the non-associative sense defined in section 3) and also reduces to (4.7) in the associative limit. The precise structure of the gauge-invariant action and abelian embedding for the non-associative theory is less clear though.

5.3.1 Non-associative trace

Recall that the construction of a gauge-invariant action for the associative theory relied on the existence of a well-defined symmetric trace. An example of such a map was given in terms of a basis of integrable Wigner functions. We see no obvious obstruction to generalising this to the non-associative case. The explicit construction requires a choice of function that is an appropriate non-associative generalisation of the harmonic oscillator hamiltonian (−□ + x^2)/2 used in subsection 4.2.1. The simplest “hamiltonian” function on A^∗_n(T^∗R^D) which reduces to this form in the associative limit is 1 2 η^{μν} (−∂_μ ∂_ν + x_{μν} ) . (5.2)

One must then construct a basis of eigenfunctions of this operator on A^∗_n(R^D). The groundstate of the associative hamiltonian is simply ψ_0(x) = exp � −x^2/2 � (with eigenvalue D/2).

It is not clear whether the operator (5.2) is also bounded below but a reasonable guess for the corresponding non-associative state would be a “gaussian” of the form

ψ_0(x) := ∞� s=0 (−1)^s 2^ss!

x^{μ 1μ 2···μ2s−1 μ 2s} η_{μ 1μ 2} · · · η_{μ 2s−1 μ 2s} . (5.3)

Of course, this reduces correctly in the associative limit but is not an eigenfunction of (5.2) due to non-associative corrections. In particular, one can show that − 1 2 ∂_μ ∂^μ ψ_0(x) = f(n) D 2 ψ_0(x) − g(n) 1 2 x^μ ψ_0(z) , (5.4)

– 28 – where the functions f(n) = 1 − (n − 1)/4n^3 + · · · and g(n) = 1 + 1/n + · · · are constants on A^∗_n(R^D) which both equal unity in the associative limit (the dots indicate higher powers in the 1/n expansion). The function (5.3) is therefore an exact eigenfunction of the modified hamiltonian (−∂_μ ∂^μ + g(n)x^μ )/2 with eigenvalue f(n)D/2. It is likely that there exist 1/n-dependent modifications of the coefficients in (5.3) that make it an exact eigenfunction of (5.2). In this manner we expect the non-associative eigenvalue problem can be solved and the corresponding Wigner functions constructed. Of course, it may be that one has a much larger class of integrable functions than such Wigner functions on the fuzzy space.

5.3.2 Non-associative unfolding Recall that one of the motivations for the extended theory was the impossibility of a naive formulation of abelian gauge theory on A^∗_n(R^D). A more sophisticated method might be to consider the embedding (4.37) for the non-associative extended theory. Unfortunately, non-associative operators of this form no longer commute and the constraints (4.37) are not well-defined under gauge transformations. All we can say is that, fundamentally, any consistent embedding must allow all the higher spin components A^{α 1 ···αs}_μ to be solved for in terms of a single component Φ_μ in a gauge-invariant way.

6. Summary and outlook

We analysed gauge theory on a class of fuzzy spaces which correspond to particular nonassociative deformations A^∗_n(R^D) of flat spacetime R^D. Gauge theory on A^∗_n(R^D) is most naturally formulated in terms of the non-associative deformation A^∗_n(T^∗R^D) of the cotangent bundle of R^D. We have extended the discussion in [1] to give explicit formulas for global gauge transformations and field strengths appropriate to describe this nonassociative gauge theory. The theory we considered remains non-trivial in the associative limit and can be interpreted as an interacting theory involving an infinite number of higher spin fields on R^D. We have examined the physical properties of this limit of the theory in some detail.

In principle, the non-associative deformation we defined can be considered for any (pseudo-)Riemannian manifold M. This would proceed by deforming the realisation of such geometries as algebraic curves in flat spaces of suitably large dimension. For euclidean signature spherical spaces, we explained that the non-associative gauge theory can be related to constructions in Matrix theory via fuzzy spheres. The associative limit of the gauge theory on Minkowski space encounters subtleties related to removing all negative norm states from the spectrum by gauge-fixing. We discussed these subtleties and proposed possible solutions. Gauge theory constructions on fuzzy de Sitter geometries from Matrix theory could help resolve such issues.

The extension of fields from functions on M to functions on T^∗M also arises in Hull’s discussion of W -gravity [44]. This suggests that the related W -geometries may allow nonassociative deformations. The physical interpretation of the non-associativity parameter in that context is an interesting question. A cotangent bundle construction for gauge theory on non-associative spaces has also been used in [45], albeit for somewhat different reasons

– 29 – and for a different class of non-associative algebras. Other descriptions of non-associative gauge theories have been considered in [46]–[48] and [49] though the detailed relation to the formalism we develop here is not yet clear. It may be interesting to explore possible relations between the approach based on loop bundles in [47]–[49] and the approach based on T^∗M of this paper. A different type of non-associative generalisation where the gauge group, rather than spacetime, is made non-associative is explored in [50].

The number of higher spin fields required to describe interactions can be related to the non-associativity parameter n of A^∗_n(R^D). This is because, in the Matrix theory origin of these algebras, n is related to the size of matrices [1]. All our considerations in the present paper (starting from the validity of the derivation property of ∂_μ ) have assumed the infinite number of higher spin fields to be independent of the deformation parameter n. However, a more careful treatment of the Matrix theory example could allow the construction of a gauge-invariant interacting theory with finitely many higher spin fields.

Acknowledgments

We would like to thank Chris Hull, Prem Kumar, Bob McNees, Bill Spence, Steve Thomas, Gabriele Travaglini, Misha Vasiliev and Cosmas Zachos for useful discussions and email correspondence. The work of PdM is supported in part by DOE grant DE-FG02-95ER40899. The work of SR is supported by a PPARC Advanced Fellowship held at Queen Mary, University of London.

A. Ê

In terms of E and F (2.3) (whose explicit form are given in appendix B and [1]), the operator Ê(Â, B̂) (2.6) is given by

Ê(Â, B̂) =^∞ � r,s=0 1 r!s!

[E(A^{μ 1 ···μr} , B^{ν1···νs} ) ∗ ∂_{μ 1} · · · ∂_{μ r} ∂_{ν1} · · · ∂_{νs} +

+ s� k=1 � s k � {B^{ν1···νs} ∗ (∂_{ν1} · · · ∂_{νk} A^{μ 1···μr} )−

−F(B^{ν1···νs} , (∂_{ν1} · · · ∂_{νk} A^{μ 1···μr} ))} ∗ ∂_{νk+1} · · · ∂_{νs} ∂_{μ 1} · · · ∂_{μ r} − − r� k=1 � r k � {A^{μ 1···μr} ∗ (∂_{μ 1} · · · ∂_{μ k} B^{ν1···νs} )−

−F(A^{μ 1···μr} , (∂_{μ 1} · · · ∂_{μ k} B^{ν1···νs} ))} ∗ ∂_{μ k+1} · · · ∂_{μ r} ∂_{ν1} · · · ∂_{νs} � . (A.1)

This expression for Ê(Â, B̂) can be arranged in a derivative expansion of the form

Ê(Â, B̂) =^∞ � s=0 1 s! (Ê^{μ 1 ···μs} (Â, B̂))(x) ∗ ∂_{μ 1} · · · ∂_{μ s} , (A.2)

– 30 – where the coefficients Ê^{μ 1 ···μs} (Â, B̂) are functions on A^∗_n(R^D). The s = 0 term in this expansion is

Ê(Â, B̂) = ∞� s=1 1 s! (B^{μ 1···μs} ∗ (∂_{μ 1} · · · ∂_{μ s} A) − A^{μ 1···μs} ∗ (∂_{μ 1} · · · ∂_{μ s} B)) . (A.3)

Unlike in (2.4), this zeroth order term is generally non-vanishing. Notice also that it does not depend on E nor F and so does not vanish in the associative limit. The s = 1 coefficient function in (A.2) is

Ê^μ (Â, B̂) = E^μ (A, B) + ∞� s=1 1 s! {F^μ (A^{ν1···νs} , (∂_{ν1} · · · ∂_{νs} B)) − F^μ (B^{ν1···νs} , (∂_{ν1} · · · ∂_{νs} A))} +

+ ∞� s=1 1 s! {B^{μν 1···νs} ∗ (∂_{ν1} · · · ∂_{νs} A) − A^{μν 1···νs} ∗ (∂_{ν1} · · · ∂_{νs} B)} +

+ ∞� s=1 1 s! {B^{ν1···νs} ∗ (∂_{ν1} · · · ∂_{νs} A^μ ) − A^{ν1···νs} ∗ (∂_{ν1} · · · ∂_{νs} B^μ )} . (A.4)

The operator Ê(Â, B̂) is still non-trivial in the n → ∞ limit since it reduces to the commutator [B̂, Â]. The derivative expansion for this commutator can be read off from (A.1) after taking E, F → 0 in the associative limit. In this limit the coefficient functions in (A.2) are given by

Ê^μ 1^{···μ}s (Â, B̂) = s� k=0 � s k �_∞� r=1 1 r! � (∂_{ν1} · · · ∂_{νr} A^{(μ 1···μk} )B^{μ k+1···μs)ν1···νr} −

−(∂_{ν1} · · · ∂_{νr} B^{(μ 1···μk} )A^{μ k+1···μs)ν1···νr} � , (A.5)

where bracketed indices are to by symmetrised with weight 1.

The coefficients (A.5) generally do not vanish for any s. This statement implies that the commutator algebra of differential operators on R^D is non-abelian. Notice though that the sum on the right hand side of (A.5) has a symmetry under k → s − k. Therefore this commutator algebra has an abelian subalgebra generated by operators Ĥ (of the form (4.1)) whose components satisfy H_{μ 1···μs} = ∂_{μ 1} · · · ∂_{μ s} H , (A.6)

for all s (indices have been lowered using the flat metric η_{μν} ). Indeed (A.5) implies that [Â, B̂] = 0 for any operators Â and B̂ whose coefficient functions both take the form (A.6). The commutator algebra of differential operators on R^D is infinite-dimensional. Indeed an operator of the form (4.1) has an infinite number of linearly independent component functions. The constraint (A.6) relates all these component fields to the zeroth order scalar function in the expansion of the operator. Consequently the abelian subalgebra defined above is one-dimensional.

– 31 –

B. E and F

As found in [1], the ∗-product discussed in section 2 can be written in terms of the derivations ∂_μ given in (2.1). Writing the product in this way allows computation of its action on more general functions. For two sets of integers S and T , the ∗-product rule for basis elements of A^∗_n(R^D) can be written

x^{μ(S)} ∗ x^{μ(T )} = � U⊂S,V ⊂T 1 n^{2|U|} n! (n − |U|)!

∂_{μ(U∪V )} x^{μ(S∪T \U∪V )} , (B.1)

where x^{μ(S)} := x^{μ 1···μs} (the number of elements in S is written |S| ≡ s) and ∂_{μ(S)} := ∂_{μ 1} · · · ∂_{μ s} . One can check that the derivations ∂_μ indeed obey the Leibnitz rule when acting on (B.1). The map m^∗_2 : A^∗_n(R^D) ⊗ A^∗_n(R^D) → A^∗_n(R^D) is defined such that m^∗_2(x^{μ(S)} ⊗ x^{μ(T )} ) := x^{μ(S)} ∗ x^{μ(T )} . One can also define a concatenation product map m^c_2 such that m^c_2(x^{μ(S)} ⊗ x^{μ(T )} ) := x^{μ(S∪T )} . We can write m^∗_2 in terms of m^c_2 using the derivations such that

m^∗_2 = m^c_2 ∞� k=0 1 n^{2k} � n k � ∂_{μ 1} · · · ∂_{μ k} ⊗ ∂^{μ 1} · · · ∂^{μ k} . (B.2)

This equation is of the form m^∗_2 = m^c_2f(∂_μ ⊗ ∂^μ ) , (B.3)

where the function f(x) := � 1 + x n^2

�_n . (B.4)

With this expression, f^{−1} is easy to write down and expand. This allows us to recover the inverse formula expressing m^c_2 = m^∗_2(f^{−1} (∂_μ ⊗ ∂^μ )), which agrees with (and proves) the formula in appendix 1 of [1]. It should be noted that ∂_μ is also a derivation with respect to a more general product than m^∗_2 that can be written in terms of m^c_2 as above but for any function f(∂_μ ⊗ ∂^μ ). If one considers a function which also depends on the degree operator acting on the polynomials in x^μ then one obtains deformed derivations such as those which follow from the product m_2 in [1]. The remaining formulae are therefore also valid for more general products expressed as in (B.3) but for any f that is a function of ∂_μ ⊗ ∂^μ only.

Using the fact that the concatenation product is associative now enables us to give expressions for the associativity operators E and F (2.3) in terms of the function f. Let us begin by defining a map Δ from the space of multiple derivatives of A^∗_n(R^D) to the tensor product of two copies of this space. That is

Δ(∂_{μ(S)} ) := � U∪V =S

∂_{μ(U)} ⊗ ∂_{μ(V )} . (B.5)

Consequently, we can write ∂_{μ(S)} m^∗_2 = m^∗_2Δ(∂_{μ(S)} ) when acting on A^∗_n(R^D)⊗A^∗_n(R^D). The same equation also holds when we replace m^∗_2 with m^c_2, since ∂_μ also obeys the Leibnitz rule with respect to m^c_2.

– 32 –

Now consider the product A ∗ (B ∗ C) for any three functions on A^∗_n(R^D), A ∗ (B ∗ C) = m^∗_2(1 ⊗ m^∗_2)(A ⊗ B ⊗ C) = m^c_2f(∂_μ ⊗ ∂^μ )(1 ⊗ m^c_2)f(1 ⊗ ∂_ν ⊗ ∂^ν )(A ⊗ B ⊗ C) = m^c_2(1 ⊗ m^c_2)((1 ⊗ Δ)f(∂_μ ⊗ ∂^μ ))f(1 ⊗ ∂_ν ⊗ ∂^ν )(A ⊗ B ⊗ C) , (B.6) which can be rearranged using associativity of m^c_2 to give = m^∗_2f^{−1} (∂_μ ⊗ ∂^μ )(m^∗_2 ⊗ 1)f^{−1} (∂_ν ⊗ ∂^ν )((1 ⊗ Δ)f(∂_ρ ⊗ ∂^ρ))f(1 ⊗ ∂_σ ⊗ ∂^σ )(A ⊗ B ⊗ C) = m^∗_2(m^∗_2 ⊗ 1)((Δ ⊗ 1)f^{−1} (∂_μ ⊗ ∂^μ ))f^{−1} (∂_ν ⊗ ∂^ν )((1 ⊗ Δ)f(∂_ρ ⊗ ∂^ρ)) × ×f(1 ⊗ ∂_σ ⊗ ∂^σ )(A ⊗ B ⊗ C) . (B.7) This manipulation has expressed the product A ∗ (B ∗ C) in terms of a sum of products involving derivatives of the functions A, B and C (where the ∗-multiplication of the first two entries is done first and so is similar in structure to (A ∗ B) ∗ C). Thus the F operator in (2.3) can be read off from

F(A, B)C = m^∗_2(m^∗_2 ⊗ 1)[1 − ((Δ ⊗ 1)f^{−1} (∂_μ ⊗ ∂^μ ))f^{−1} (∂_ν ⊗ ∂^ν ) × ×((1 ⊗ Δ)f(∂_ρ ⊗ ∂^ρ))f(1 ⊗ ∂_σ ⊗ ∂^σ )](A ⊗ B ⊗ C) , (B.8) in terms of derivatives acting on C (as in (2.4)). The analogous derivative expansion of the E operator immediately follows, since E(A, B) = F(A, B) − F(B, A).

References

[1] S. Ramgoolam, Towards gauge theory for a class of commutative and non- associative fuzzy spaces, JHEP 03 (2004) 034 [hep-th/0310153].

[2] J. Castelino, S.-M. Lee and I.W. Taylor, Longitudinal 5-branes as 4-spheres in matrix theory, Nucl. Phys. B 526 (1998) 334 [hep-th/9712105].

[3] N.R. Constable, R.C. Myers and O. Tafjord, Non-abelian brane intersections, JHEP 06 (2001) 023 [hep-th/0102080].

[4] P. Cook, R.de Mello Koch and J. Murugan, Non-abelian bionic brane intersections, Phys.

Rev. D 68 (2003) 126007 [hep-th/0306250].

[5] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Noncommutative gauge theory on fuzzy sphere from matrix model, Nucl. Phys. B 604 (2001) 121 [hep-th/0101102].

[6] S. Ramgoolam, On spherical harmonics for fuzzy spheres in diverse dimensions, Nucl. Phys.

B 610 (2001) 461 [hep-th/0105006];

P.-M. Ho and S. Ramgoolam, Higher dimensional geometries from matrix brane constructions, Nucl. Phys. B 627 (2002) 266 [hep-th/0111278].

[7] P. de Medeiros and C. Hull, Geometric second order field equations for general tensor gauge fields, JHEP 05 (2003) 019 [hep-th/0303036].

[8] P. de Medeiros and C. Hull, Exotic tensor gauge theory and duality, Commun. Math. Phys.

235 (2003) 255 [hep-th/0208155];

P. de Medeiros, Duality in non-perturbative quantum gravity, PhD thesis, Queen Mary, University of London, 2002; Massive gauge-invariant field theories on spaces of constant curvature, Class. and Quant. Grav. 21 (2004) 2571 [hep-th/0311254].

– 33 –

[9] M. Dubois-Violette and M. Henneaux, Generalized cohomology for irreducible tensor fields of mixed Young symmetry type, Lett. Math. Phys. 49 (1999) 245 [math.qa/9907135]; M. Dubois-Violette, Lectures on differentials, generalized differentials and on some examples related to theoretical physics, math.qa/0005256;

M. Dubois-Violette and M. Henneaux, Tensor fields of mixed Young symmetry type and N-complexes, math.qa/0110088.

[10] X. Bekaert and N. Boulanger, Tensor gauge fields in arbitrary representations of GL(D, R):

duality and Poincaré lemma, Commun. Math. Phys. 245 (2004) 27 [hep-th/0208058].

[11] A.K.H. Bengtsson, I. Bengtsson and L. Brink, Cubic interaction terms for arbitrary spin, Nucl. Phys. B 227 (1983) 31;

A.K.H. Bengtsson and I. Bengtsson, Massless higher spin fields revisited, Class. and Quant. Grav. 3 (1986) 927;

A.K.H. Bengtsson, A unified action for higher spin gauge bosons from covariant string theory, Phys. Lett. B 182 (1986) 321; Brst approach to interacting higher spin gauge fields, Class. and Quant. Grav. 5 (1988) 437.

[12] N. Itzhaki, J.M. Maldacena, J. Sonnenschein and S. Yankielowicz, Supergravity and the large-N limit of theories with sixteen supercharges, Phys. Rev. D 58 (1998) 046004 [hep-th/9802042].

[13] C. Fronsdal, Massless fields with integer spin, Phys. Rev. D 18 (1978) 3624.

[14] J.M.F. Labastida and T.R. Morris, Massless mixed symmetry bosonic free fields, Phys. Lett.

B 180 (1986) 101;

J.M.F. Labastida, Massless particles in arbitrary representations of the Lorentz group, Nucl. Phys. B 322 (1989) 185.

[15] W. Siegel and B. Zwiebach, Gauge string fields from the light cone, Nucl. Phys. B 282 (1987) 125;

W. Siegel, Gauging ramond string fields via OSP (1, 1|2), Nucl. Phys. B 284 (1987) 632; Introduction to string field theory, hep-th/0107094;

N. Berkovits, Manifest electromagnetic duality in closed superstring field theory, Phys. Lett. B 388 (1996) 743 [hep-th/9607070]; W. Siegel, Fields, hep-th/9912205.

[16] C. Burdik, A. Pashnev and M. Tsulaia, On the mixed symmetry irreducible representations of the Poincaré group in the BRST approach, Mod. Phys. Lett. A 16 (2001) 731 [hep-th/0101201]; The lagrangian description of representations of the Poincaré group, Nucl. Phys. 102 (Proc. Suppl.) (2001) 285 [hep-th/0103143]; Lagrangian formulation of the massless higher integer spin fields in the AdS background, Phys. Lett. B 523 (2001) 338 [hep-th/0109067].

[17] D. Francia and A. Sagnotti, Free geometric equations for higher spins, Phys. Lett. B 543 (2002) 303 [hep-th/0207002].

[18] E.S. Fradkin and M.A. Vasiliev, Cubic interaction in extended theories of massless higher spin fields, Nucl. Phys. B 291 (1987) 141; Candidate to the role of higher spin symmetry, Ann. Phys. (NY) 177 (1987) 63; On the gravitational interaction of massless higher spin fields, Phys. Lett. B 189 (1987) 89;

M.A. Vasiliev, E.S. FradkinGravitational interaction of massless high spin (S > 2) fields, JETP Lett. 44 (1986) 622 [Zh. Eksp. Teor. Fiz. 44 (1986) 484];

– 34 –

E.S. Fradkin and M.A. Vasiliev, Superalgebra of higher spins and auxiliary fields, Int. J. Mod. Phys. A 3 (1988) 2983.

[19] M.A. Vasiliev, Consistent equation for interacting gauge fields of all spins in (3 + 1)-dimensions, Phys. Lett. B 243 (1990) 378 Properties of equations of motion of interacting gauge fields of all spins in (3 + 1)-dimensions, Class. and Quant. Grav. 8 (1991) 1387; Algebraic aspects of the higher spin problem, Phys. Lett. B 257 (1991) 111; More on equations of motion for interacting massless fields of all spins in (3 + 1)-dimensions, Phys. Lett. B 285 (1992) 225; Cubic interactions of bosonic higher spin gauge fields in AdS_5, Nucl. Phys. B 616 (2001) 106 [hep-th/0106200]; Higher spin superalgebras in any dimension and their representations, JHEP 12 (2004) 046 [hep-th/0404124];

K.B. Alkalaev and M.A. Vasiliev, N = 1 supersymmetric theory of higher spin gauge fields in AdS_5 at the cubic level, Nucl. Phys. B 655 (2003) 57 [hep-th/0206068].

[20] For reviews see: M.A. Vasiliev, Higher-spin gauge theories in four, three and two dimensions, Int. J. Mod. Phys. D5 (1996) 763–797 [hep-th/9611024]; Higher spin gauge theories: star-product and AdS space, hep-th/9910096; Progress in higher spin gauge theories,

hep-th/0104246; Higher spin gauge theories in various dimensions, Fortschr. Phys. 52

(2004) 702 [hep-th/0401177].

[21] E. Sezgin and P. Sundell, Towards massless higher spin extension of D = 5, N = 8 gauged supergravity, JHEP 09 (2001) 025 [hep-th/0107186]; 7D bosonic higher spin theory: symmetry algebra and linearized constraints, Nucl. Phys. B 634 (2002) 120 [hep-th/0112100]; Massless higher spins and holography, Nucl. Phys. B 644 (2002) 303 [hep-th/0205131].

[22] A.I. Nesterov and L.V. Sabinin, Non-associative geometry and discrete structure of spacetime,

hep-th/0003238.

[23] M.R. Douglas and N.A. Nekrasov, Non-commutative field theory, Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[24] H. Weyl, Quantum mechanics and group theory, Z. Phys. 46 (1927) 1.

[25] E. P. Wigner, On the quantum correction for thermodynamic equilibrium, Phys. Rev. 40 (1932) 749.

[26] J. von Neumann, Die Eindeutigkeit der Schrödingerschen Operationen, Math. Ann. 104 (1931) 570.

[27] H. Groenewold, On the principles of elementary quantum mechanics, Physica 12 (1946) 405.

[28] J. Moyal, Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc. 45 (1949) 99.

[29] C.L. Mehta, Jou. Math. Phys. 5 (1964) issue 5, 677.

[30] H.-W. Lee, Theory and application of the quantum phase-space distribution functions, Phys.

Rept. 259 (1995) 147.

[31] C.K. Zachos, Deformation quantization: quantum mechanics lives and works in phase-space, Int. J. Mod. Phys. A 17 (2002) 297 [hep-th/0110114];

T.L. Curtright, D.B. Fairlie and C.K. Zachos, Quantum mechanics in phase space, World Scientific, 2005.

– 35 –

[32] E.S. Fradkin and R.R. Metsaev, A cubic interaction of totally symmetric massless representations of the Lorentz group in arbitrary dimensions, Class. and Quant. Grav. 8 (1991) L89;

R.R. Metsaev, Poincaré invariant dynamics of massless higher spins: fourth order analysis on mass shell, Mod. Phys. Lett. A 6 (1991) 359; Note on the cubic interaction of massless representations of the Poincaré group in D = 5 space-time, Class. and Quant. Grav. 10 (1993) L39; Generating function for cubic interaction vertices of higher spin fields in any dimension, Mod. Phys. Lett. A 8 (1993) 2413; Cubic interaction verties of totally symmetric and mixed symmetry massless representations of the Poincaré group in D = 6 space-time, Phys. Lett. B 309 (1993) 39.

[33] F.A. Berends, G.J.H. Burgers and H. Van Dam, On spin three self-interactions, Z. Physik C 24 (1984) 247; On the theoretical problems in constructing interactions involving higher spin massless particles, Nucl. Phys. B 260 (1985) 295.

[34] S.W. MacDowell and F. Mansouri, Unified geometric theory of gravity and supergravity, Phys.

Rev. Lett. 38 (1977) 739.

[35] M.G. Eastwood, Higher symmetries of the laplacian, hep-th/0206233.

[36] S. Deser and A. Waldron, Gauge invariances and phases of massive higher spins in (A)dS, Phys. Rev. Lett. 87 (2001) 031601 [hep-th/0102166]; Partial masslessness of higher spins in (A)dS, Nucl. Phys. B 607 (2001) 577 [hep-th/0103198]; Stability of massive cosmological gravitons, Phys. Lett. B 508 (2001) 347 [hep-th/0103255]; Null propagation of partially massless higher spins in (A)dS and cosmological constant speculations, Phys. Lett. B 513 (2001) 137 [hep-th/0105181]; Arbitrary spin representations in de Sitter from dS/CF T with applications to dS supergravity, Nucl. Phys. B 662 (2003) 379 [hep-th/0301068].

[37] L. Brink, R.R. Metsaev and M.A. Vasiliev, How massless are massless fields in AdS_d, Nucl.

Phys. B 586 (2000) 183 [hep-th/0005136].

[38] Y.M. Zinoviev, On massive high spin particles in (A)dS, hep-th/0108192; On massive mixed symmetry tensor fields in Minkowski space and (A)dS, hep-th/0211233.

[39] P. de Medeiros, Massive gauge-invariant field theories on spaces of constant curvature, Class.

and Quant. Grav. 21 (2004) 2571 [hep-th/0311254].

[40] N. Seiberg and E. Witten, String theory and non-commutative geometry, JHEP 09 (1999) 032 [hep-th/9908142].

[41] J.A. Harvey, P. Kraus, F. Larsen and E.J. Martinec, D-branes and strings as non-commutative solitons, JHEP 07 (2000) 042 [hep-th/0005031].

[42] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[43] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[44] C.M. Hull, W geometry, Commun. Math. Phys. 156 (1993) 245 [hep-th/9211113].

[45] P.-M. Ho, Making non-associative algebra associative, JHEP 11 (2001) 026 [hep-th/0103024].

[46] S.E. Akrami and S. Majid, Braided cyclic cocycles and non-associative geometry,

math.QA/0406005.

– 36 –

[47] A.I. Nesterov, Three-cocycles, non-associative gauge transformations and Dirac’s monopole, Phys. Lett. A 328 (2004) 110 [hep-th/0406073].

[48] A.I. Nesterov, Principal loop bundles: toward nonassociative gauge theories, Int. J. Theor.

Phys. 40 (2001) 339.

[49] A.I. Nesterov, Toward non-associative gauge theories, Rev. Mex. Fis. 49S2 (2003) 52. [50] A. Ritz and G.C. Joshi, A non-associative deformation of Yang-Mills gauge theory,

hep-th/9508147.

– 37 –